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SINGULAR POINTS OF FUNCTIONS WHICH 
SATISFY PARTIAL DIFFERENTIAL EQUA- 
TIONS OF THE ELLIPTIC TYPE. 


BY PROFESSOR MAXIME BOCHER. 
(Read before the American Mathematical Society, December 30, 1902. ) 


In the study of the nature of isolated singular points of har- 
monic functions of two variables * the following theorem may 
well be given a fundamental place : 

I. If the harmonic function u becomes infinite for every method 
of approaching the isolated singular point (x,, y,), then u has the 
form 


(1) C log V (x—2,) + (y— + ¥(2, 9), 


where C is a constant and v is harmonic at (2,, y,). 

This theorem follows at once from well known facts concern- 
ing functions of a complex variable.t It is, however, highly 
desirable to obtain some other proof for it in order to be able to 
follow out consistently the method introduced by Riemann of 
deducing the theory of functions of a complex variable from 
the theory of harmonic functions of two real variables. Such 
a proof I have recently found, and it turns out that it can be 
at once applied to large classes of partial differential equations 
which include Laplace’s equation in two dimensions as a very 
special case. 

The theorem thus generalized, together with some applica- 
tions, forms the subject of the present paper. 


* I speak of a function of the n variables 7,,---2, as harmonic at the point 
(a,,---,@n) if throughout the neighborhood of this point it has continuous 
partial derivatives of the first two orders and satisfies Laplace’s equation 
2 0u/0x2—0. I speak of it as harmonic throughout a region if it is har- 
monic at every point of the region. By an isolated singular point of a har- 
monic function I understand a point at which it fails to be harmonic, 
although it is harmonic at every other point in the neighborhood of this 

int. 

Port CL Annals of Mathematics, Second Series, Vol. I (1899), p. 38. The 
proof can be given most readily by noticing that the derivative of the func- 
tion of the complex variable z + yi of which u is the real part is single 
valued in the neighborhood of the point x) + yt and can therefore be devel- 
oped about this point by Laurent’s theorem. Integrating this series we have 
a development for the function of which u is the real part from which the 
theorem follows without difficulty. 


| 
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1. Laplace's Equation in n Dimensions. 


We shall consider in this section a harmonic function 
u(x,,---,2x,) of n independent variables. If n> 2, theorem I 
takes the form 

Il. If the harmonic function u becomes infinite for every 
method of approaching the isolated singular point (z,,- --,x,), then 
u has the form 


(2) of Seay] + 


where C is a constant and v is harmonic at (z,, - - +, 2,). 

For the sake of simplicity of exposition we will prove this 
theorem for the case n = 3, but the proof for any larger value 
of n,* and also for the case n = 2 (Theorem I) is practically 
identical with that here given. 

We suppose, then, that u(z, y, z) is harmonic throughout the 
neighborhood of P, = (2,, Y,) 2) and becomes infinite for every 
method of approaching P,. Describe a sphere S about P, as 
centre small enough so that u is harmonic everywhere within 
and on the surface of S except at P,, and let u be the function 
harmonic at every point within and on S and having on S the 
same values as u. The function 


(3) F(x, z) =u—u 


is then harmonic at every point within and on S except at P,, 
vanishes at every point on S, and becomes infinite for every 
method of approaching P,. 

Let P, = (z,, y,, 2,) be any point within S other than P,, and 
let G(x, y, z), or more explicitly G(x, y, z; 2, y, 2,), be the 
Green’s function which becomes infinite at this point like 1/r 
but is otherwise harmonic within and on S and vanishes on S. 

Let us now consider the surface F(x, y, z) = ¢, where ¢, is a 
numerically large constant which we take to be positive or 
negative according as F’ becomes positively or negatively infi- 
nite at P,. This surface, which we will denote by S,, is a 
closed analytic surface surrounding P, and lying wholly within 


* That all the facts concerning Laplace’s equation of which we are about 
to make use admit of immediate generalization to space of n dimensions is 
well known. Cf. Kronecker: Vorlesungen iiber die Theorie der einfachen 
und der vielfachen Integrale, Leipzig, 1894. In Vorlesungen 16 and 17, 
proofs of many of the theorems are given. 


| 
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S, and within S, the function F is numerically greater than ¢,. 
Accordingly if we denote by n the interior normal to this sur- 
face, it is clear that OF /On does not change sign on the surface, 
being nowhere negative if F becomes positively infinite at P,, 
nowhere positive if F becomes negatively infinite. 

Similarly let c, be a large positive constant and consider the 
surface (which as it happens will in this case be a sphere) 
G(x, y, z)=¢,. This surface, which we will call S,, lies within 
S, surrounds P,, and on it OG/0On does not change sign. We 
suppose the absolute values of ¢, and c, to be so great that S, 
and S, lie wholly outside of one another. 

Now apply Green’s theorem to the region bounded by S, S,, 
and S,. Since F and G both vanish on S this gives 


oF 


Accordingly, by applying the law of the mean for integrals, we 
have 


oG oF OF oG 


where G';, and F, denote the values which the functions G and 
F take on at certain points of the surfaces S, and S, respectively. 
The second integrals on both sides of this equation have the 
value zero since G and F are harmonic at P, and P, respec- 
tively. ‘The values of the first integrals are independent of the 
surfaces over which we integrate provided merely that we in- 
tegrate over small closed surfaces surrounding the points P, 
and P, respectively. By taking the first of these surfaces as 
a small sphere with centre at P, we find at once 


If, then, we write 


re) 
(7) Fas = 4, 
On 
we have 
(8) 4nF, = aGs,. 


Now let the quantities c, and c, become infinite, so that the sur- 


) 
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faces 8, and S, shrink down towards the points P, and P, re- 
spectively. We get as the limit of the last equation 


a a 
%) = Yor 20) = Yor 203 Ty %) 
4n 4a 


(9) 1 


In this formula we now regard the point P, as fixed, but P, as 
variable. It is important to notice that a is independent of z,, 
Y,» %; a8 is obvious from its definition (7). Accordingly (9) in 
combination with (3) and the well known formula 


G25 Yr» 215 Ty» Yor %) = +(y, — Yo) 
+ (z,—%)*]-* +9, 


where g is a harmonic function of ~,, y,, 2, at P,, gives us pre- 
cisely the formula (2) for u which we wished to “establish. t 


Let us now consider the behavior of a harmonic function at 
infinity. We will assume n> 2. 
Let 


(10) 


+4+ 27 


* We make use here of a fundamental theorem concerning Green’s func- 
tions, the ordinary proof of which is merely the special case of the work just 
— which we take for the function F the Green’s function G(z, y, z; 1 
Yo %). Cf. Green’s original Essay, 2 6. 

{The roof here given may easily be so modified as to avoid the use of 
Green’s functions. For this purpose we apply Green’s theorem to the two 
functions u and 1/r,, where r, is the distance from (7,, y,, 4) to (z, y,z). We 
use the same region as above ey et that S, is now a small sphere having its 
centre at P,; and get in place of (4) 


lau _a(1/r,)\! 


from which follows, if we let om ag — 5 


on 
4ru(x, %) + (¥:—Yo)* + (4 — %)*]-* 

1 du 
as 


The integral which here remains is easily shown to be a harmonic function 
of (2, y;, %) throughout S. 


| 
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and suppose that w(z,,---,2,) is harmonic when r> R, where R 
is some positive constant. It follows from a theorem due to 
Lord Kelvin * that if we let 


x; 1 
z; = r= 
then 


is a harmonic function of zj,---,z’ at all points for which 
r’ <1/R except at the point 7, = ---= 2, = 0. 

Let us now consider the different ways in which wu may be- 
have as the point P= (z,,---,2,) moves off to infinity. It 
may become positively infinite for some ways in which P goes 
to infinity, negatively infinite for others. Let us, however, 
suppose that this is not the case. Then there exists a constant 
a such that u + a does not vanish at any point for which r> R. 
Accordingly by (11) the function 


+a 


n—2 


is a harmonic function of ---, 2’, which becomes infinite for 
every method of approaching the point r’ = 0, and which can, 
therefore, by theorem II, be expressed in the form 


b 
r 
where v is harmonic at the point r’ =0. We thus get 


(12) +r -- +, 


Accordingly, no matter how P moves off to infinity, u ap- 
proaches the finite limit 6— a. Hence the theorem 

III. The function u being harmonic when r> R, it either 
becomes both positively and negatively infinite for different ways 
of going to infinity, or it approaches one and the same finite limit 
for every method by which the point P recedes to infinity.t 

* Liouville’s Journal, vol. 12 (1847), p. 259. 

t We note in passing the following oe of this theorem : 


If for all values of x,, - ++, %n the function u rmonic and u< M (or if u>m) 
then u is a constant. 


r 
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If in particular u vanishes at infinity, we see from (12), in 
which now 6 =a, that 


(13) --+, 


approaches a finite limit at infinity. Furthermore, by differ- 
entiating (12) with regard to r we see that 


ou 


(14) ap 


approaches a finite limit at infinity. This behavior of the 
functions (13) and (14) is often postulated as an additional 
restriction on the function u, whereas we see that it follows as 
a consequence of the mere requirement that u vanish at infinity. 

Let us now leave the consideration of the point at infinity 
and look again at a finite isolated singular point P,,. 

IV. If a harmonic function u of two or more variables be- 
comes infinite for no method of approaching an isolated singular 
point P,,then by suitably changing the definition of the function at 
this point it can be made harmonic there as well as elsewhere. 

In the case of two independent variables this theorem is sug- 
gested at once by a similar theorem for functions of a complex 
variable, and can be readily proved by the method suggested in 
the second footnote on page 455. I owe toa remark of Pro- 
fessor Osgood the following method by which the theorem can 
in all cases be established as an immediate consequence of 
theorems I and IT. 

For this purpose let us add to u the function 


or in the case n = 2 the function 


log V(t — + (y—%)* 


We thus have a harmonic function having P, as an isolated 
singular point and becoming infinite for every method of ap- 


For in this case by III u approaches a finite limit ¢ at infinity. Let P, 
be any point and describe a sphere with P, as centre. The average value of u 
on this sphere is known to be equal to the value of wat P,. But by taking 
the sphere large enough, the average value of u on the sphere can be made to 
differ from ¢ by as little as we please. Therefore the value,of u at P, must be 
precisely c. But P, was any point. Therefore u has the valuec everywhere. 
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proaching this point. It therefore has the form (2), or if n = 2 
the form (1). Accordingly we have 


* +v (n > 2) 
u=(C—1)log (n=2) 


But since u does not become infinite as we approach P,, we 
have C= 1 and therefore u=v. Accordingly u is harmonic 

I will add that precisely the same method may be applied to 
prove the following theorem : 

V. If a harmonic function u of two or more variables becomes 
infinite for some but not for all methods of approaching an isolated 
singular point P,, then it can be made to become both positively 
and negatively infinite (and therefore also to take on every real 
value an infinite number of times) by suitably approaching P,. 


2. The Elliptic Equation with two Independent Variables. 


We will consider in this section the differential equation 


Ou Ou Ou Ou 
(15) at 


where a, 6, and ¢ denote. real functions of the two independent 
real variables x, y analytic at every point of a region T of the 
z,y plane. We shall find it convenient to speak of a function 
u as being harmonic with regard to (15) at a given point, if at 
this point and throughout its neighborhood it has continuous 
first and second partial derivatives and satisfies (15). We will 
say that u is harmonic throughout a region with regard to (15) 
if it is harmonic at every point of this region with regard to 
(15). According to a remarkable theorem of Picard,* a func- 
tion harmonic with regard to (15) at a point is analytic at that 
point. 

Ina recent dissertation + E. R. Hedrick has confirmed and 
made more precise a guess of Sommerfeld { by proving the fol- 
lowing theorem : 


* Journal de V Ecole Polytechnique, Cah. 60 (1890). 

t ‘‘Ueber den analytischen Character der Lésungen von Differentialgleich- 
ungen,” Géttingen, 1901. 

t Encyclopiidie, II A 7 c, pp. 515 and 570. 
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If P, = (2%; Yq) i any point of T, there exists a function har- 
monic with regard to (15) throughout the neighborhood of P,, ex- 
cept at P, itself, and having the form 


(16) w= log + (y—y) - U(a, y) + V(@, y) 


where U is harmonic with regard to (15) at P,, U(x, y,) = 1, 
and V is analytic at P.. 

Now the theorem we wish to prove is this : 

VI. If the function u harmonic with regard to (15) has an iso- 
lated singular point at P,* and if u becomes infinite for every 
method of approaching P,, then u has the form 


(17) u= Cw+v 


where C is a constant, w is the function (16), and v is a function 
harmonic with regard to (15) at P,. 

To prove this theorem let us begin by considering the special 
case of (15) in which c=0. Draw a circle § about P, as 
centre and so small that not only the function w (formula (16)) 
is harmonic with regard to (15) within and upon S, except at 
P,, but that a Green’s functiont+ G(z, y; 2,, y,) exists for 
every point P, = (x,, y,) within S. Let @ be the function 
which takes on the same values as u on S and is harmonic 
with regard to (15) throughout the interior of S, and form the 
function 


Fz, y) =u—i. 


Let us now surround the points P, and P, (these points be- 
ing supposed distinct) by small closed curves 8, and S, respec- 
tively on which the functions F and G have the numerically 
large values c, and ¢, respectively; and let us suppose these 
values to be taken so large that S, and S, lie wholly outside of 
each other. Now apply the Riemann-Darboux extension of 


*It must be clearly understood that we assume a, 5, ¢ to be analytic at P, 
That is we consider not the fixed isolated singular points of the differential 
equation, but the movable singular points of its solutions. 

t That is a function of (z,y) which vanishes on S, becomes logarithmicall 
infinite at P,, and is harmonic with rd to the equation adjoint to (as} 
within and upon S except at P,. Cf. Sommerfeld, Encyclopaedie, Vol. I], 

. 570, where it is stated that the existence of this Green’s function follows 
rom Mr. Hedrick’s theorem. This is in fact the case, but only after Mr. 
Hedrick’s work has been completed by an investigation of the dependence of 
w (formula (16)) on the parameters (7, yo) ; an investigation which is also 
necessary for the purposes which Mr. rick had in view. 
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Green’s theorem (cf. Encyclopadie, Volume II, page 513), to the 
region bounded by S, S,, S,. When we remember that through- 
out this region F satisfies (15) and G satisfies the adjoint of (15), 
while both of these functions vanish on S, we see that Green’s 
theorem reduces to 


cos + 6 sin | as 


oF 
+ (a cos + bsin ds, 


where n denotes the normal to the curves S, and S, which 
points away from the points P, and P,, and ¢ denotes the 
angle which this normal makes with the axis of z. Using 
formula (9) on page 515 of Sommerfeld’s article* (Encyclo- 
paedie, Volume II) we see that the first member of this equa- 
tion has the value 27F(z,, y,). We have then 


+6 f + sin | a. 


The last integral here is zero as we see at once by applying 
Green’s theorem to the two functions G and 1, and to the 
region bounded by S,.t Applying the law of the mean to the 
first integral, as we have a right to do since OF/On does not 
change sign on S,, we can write 


oF 
(x, = Gs, 


ds. 
Let us now allow the numerical value of ¢, to increase indefi- 
nitely, so that S, shrinks down toward the point P,. The 
quantity G, then approaches G(x,, y,; 2,, y,) a8 its limit ; and, 
since this is different from zero, { we see that the integral in 


* There is a mistake of sign in this formula, as is easily seen by comparing 
it with the familiar formula for Laplace’s equation which is a special case of it. 

t Our restriction up to this point to the case c = 0 was in order to make 1 
a solution of (15), this being essential for the step here taken. 

t The equation (15) when c=0 shares with the special case of Laplace’s 
equation the property that a function harmonic with regard to (15) at a 
certain point cannot have a maximum or a minimum there, for otherwise by 


OF 
2a G On ds 
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the last formula also approaches a finite limit a. Thus we 
have 


a a 


where H denotes the Green’s function for the adjoint of (15) 
(cf. Sommerfeld, p. 516). But H has the form (16) and there- 
fore F, and so also u, have the form (17), as was to be proved. 

Having thus proved Theorem VI in the special case c = 0, 
we get the proof in the general case by means of the following 
transformation. 

Let (x, y) be a function harmonic with regard to (15) at 
P, and having a value different from zero at this point. Then, 
making the transformation : 


u=v*¥t, 


we find that ¢ satisfies an equation of the form 


18 ot 2 0 
(18) t apt =o 


where a,, 5, are analytic at P,. Now if u becomes infinite for 
every method of approaching P,, ¢ will do so too, and therefore, 
by what we have just proved, ¢ becomes logarithmically infinite 
at P,. From this we readily infer that u has the form (17). 

A second theorem concerning equation (15) is the following: 

VII. If a function harmonic with regard to (15) becomes infi- 
nite for no method of approaching an isolated singular point, then, 
by suitably changing the definition of the function at this point, it 
can be made harmonic there as well as elsewhere. 

The proof of this theorem being practically the same as that 
of theorem IV need not be repeated.* 

A theorem analogous to V may also be proved. 


subtracting a suitable constant, we should have a solution of (15) vanishing 
around a contour, which can be made as small as we please, and yet not 
vanishing identically, and this is well known to be impossible. Now 
G(%» Yo; %, y), When regarded as a function of its last two arguments is, 
harmonic with regard to (15), and, since it vanishes on S and becomes nega- 
tively infinite at P,, it could not vanish within S unless it had a maximum 
at some point within S. 

* We note in passing that theorems VI, VII admit of immediate extension 
first to the case in which the second member of (15) is a given analytic func- 
tion of (z, y), and second, by a change of independent variables, to the general 
linear differential equation with two independent variables and of the elliptic 
type. . The statement of VII would require no modification in this general 
case. while the modification necessary in the statement of VI will be readily 
seen. 
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3. More General Differential Equations. 


There seems little doubt that the results of this paper can be 
extended to all differential equations of the form 


Ou i=n 


(18) +cu=f (n> 2) 


where a,, ---,@,, ¢, f are analytic ictiaee of the n independent 
variables (a,,---,2,). The only difficulty here consists in the 
proof of the existence of a Green’s function for a sufficiently 
small region S, which for the sake of simplicity we may take 
as spherical ; 7. ¢., a function which, except at an arbitrarily given 
point P,in S,is continuous and has continuous first and second 
partial derivatives throughout S, and satisfies the adjoint equation 


=" O(a.u 
(19) + cu=0, 
i=1 


and vanishes on S, while at P, it has the form 
(20) U-r?* V, 


where r denotes the distance from P,, while Uand Vare analytic 
at P,, and U has the value 1 at this point, and satis fies (19). 

Granting the existence of this Green’s function, the methods 
already used give at once the following theorem : 

VIII. If throughout the neighborhood of a point P, at which 
the coefficients of (18) are analytic, a function u is continuoue and 
has continuous first and second partial derivatives and satisfies 
(18), but if all these conditions are not satisfied-at P,, then 

(a) if w becomes infinite for every method of approaching P, it 
has the form 


u=U-r*4V 


where r is the distance from P,, U and V are analytic at P,, and 
U satisfies the equation obtained from (18) by replacing the second 
member by zero ; 

(b) if u becomes infinite for no method of approaching P, it can 
by a suitable change of definition at this point be made continuous 
there, in which case it will also have continuous first and second 
derivatives at P,, and will satisfy (18) there ; 

(c) if u becomes infinite for some but not for all methods of ap- 
proaching P,, it takes on every value an infinite number of times 
in the neighborhood of P... 


HARVARD UNIVERSITY, CAMBRIDGE, Mass., 
January, 1903. 
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ERRATA IN GAUSS’S “TAFEL DER ANZAHL DER 
CLASSEN BINARER QUADRATISCHER 
FORMEN.” 


BY THE LATE PROFESSOR A. M. NASH. 
(Communicated by Professor E. B. Extyrorr.) 


On page 141 of the present volume 9 of the BULLETIN Pro- 
fessor Hewes has exhibited the details, on Cayley’s plan, of the 
classes of properly primitive reduced forms with the two nega- 
tive determinants — 468 and — 931, which Perott has shown 
must be added to those given as irregular by Gauss. There is 
at present in my charge a mass of calculation and tabulation 
prepared by the late Professor A. M. Nash, of the Indian Edu- 
cational Department, who died in 1895 while still engaged on 
the work. He seems to have possessed methods by which he 
could tabulate irregular determinants with few if any probable 
omissions. Unfortunately however his numerical work is ac- 
companied by but little explanation of the methods and their 
justification. The determinants which he has tabulated as 
irregular cover a range up to about — 20,000, even indices, 
indices 3 and 9, and index 5 being separately dealt with. For 
about half of them the details of classes are worked out on 
Cayley’s plan, and the composition of the principal genus 
given. He has also worked out in detail the classes of bi- 
nary quadratic forms with all negative determinants, both 
regular and irregular, up to — 2,600, the results in this section 
of his research being marked nearly to the end “ checked 
Gauss.” 

To print the whole is not feasible. The quantity alone 
would be prohibitive even had the principles and conclusions 
been left in form for publication. it is hoped however that 
the manuscript may be placed in some library to which mathe- 
maticians who may be desirous in the future of testing and 
extending the tables, or may be engaged in research on the 
subject, can have access. What Professor Hewes’s note now 
suggests to me is the desirability of printing the following tran- 
script of a list which is headed by Professor Nash “ Errata in 
Table of Negative Determinants, Gauss, Vol. IT.” The list 
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includes many corrections not given by Schering in his appen- 
dix to Gauss’s volume, or by Perott. 


For. Read. For. Read. 
468 Reg. frr. 2 2331 Reg. rr. 2 
485 2196 Reg. Ir. 2 
544 Reg. Irr. 2 2180 Reg. Trr. 2 
547 Reg. Irr. 3 2304 Reg. Irr. 2 
557 II 11 II 13 2320 Reg. rr. 2 
647 I 2% I 2624 
894 Gr?) 2336 Reg. 2 
931 Reg. Ir. 3 | 2900 Reg. Ir. 2 
933 2188 Reg. Ir. 3 
972 Reg. 3 2085 VIII56 
993 Wi 455 8 2096 in IV 6 2096 2097 
1116 6 2204 IV IV 13 
1261 2221 in IV 9 2221 2224 
1367 I 27 I % 2376 in IV 12 2376 2366 
1396 II 14 2448 2 Reg. 
1508 Reg. 6032. Reg. 2 
1598 Reg. Ee. 2 6068 Reg. Irr. 2 
1660 IV 4 Omit 6084 Reg. Ir. 2 
1683 II 9 II 6 6148 Reg. irr. 2 
1700 sy 12 6176 Reg. br. 3 
1701 Reg. TIrr. 3 9104 Irr. 2 Reg. 
1725 Reg. Irr. 2 9108 Reg. Irr. 2 
1796 IV 10 If 20 9156 Reg Brrs, 3 
1836 Reg. Trr. 3 9216 Reg Ir. 2 
1872 —-Reg. Irr. 2 | 9324 Reg. Ir. 2 
1937 IV 12 9513 a Reg 
1982 IV 12 Omit 9554 Reg. irr.. 2 
1940 .S 6075 ie, 


THE LOGARITHM AS A DIRECT FUNCTION. 
BY DR. EMORY MCCLINTOCK. 
(Read before the American Mathematical Society, February 28, 1903.) 


In a paper of the same title published in the Annals of 
Mathematics for January, 1903, Mr. J. W. Bradshaw defines 
log x as a direct function of z, namely, 


log = f 
1 
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Attention being thus drawn to the subject, I think the time 
opportune to repeat and amplify a proposition of my own for 
the same general purpose. 

In 1879 (American Journal of Mathematics, II, 101, ete.) I 
spoke of “the difficulty of comprehending logarithms,” and 
quoted De Morgan’s dictum that “the only definition of log x 
used in analysis is y, where e&” =~.” After discussing this 
definition I said, “ Another and, when duly weighed, most sat- 
isfactory definition may be derived from any one of an un- 
limited number of vanishing fractions, special cases of the 
general form log x = h-'(a2°-** — a"), where A is infinitely 
reduced. * * * This fraction is doubtless novel, though one case 
of it, where a = 0, is known. Even that case has not, I pre- 
sume, been suggested heretofore as a definition: * * * The 
various theorems pertaining to logarithms may be derived with 
the utmost facility by the aid of these vanishing-fraction defini- 
tions. Thus, if a = 0, we have by expansion 


To develop this proposition more fully, let us consider the 
function y =h-'(z*—1). Let k be positive, and, first, let 
h=k. When x=1,y=0; when y= and asx 
increases continuously from 1 towards o, there is one and only 
one corresponding value of y, which increases accordingly from 
0 towards o. Secondly, let h=—k. Here again, when 
x= 1, y=0; and, in the function y = k-'(1 — x“), as in- 
creases continuously from 1 towards o, there is one and only 
one corresponding value of y, which increases accordingly from 
0 to k', a limit which tends towards o if k tends towards 0. 
When h = —k, y = k-'(a* — 1)“, which differs only by the 
factor «~* from the value of y when h=k. The smaller k is 
taken, the nearer this factor is to 1, so that the limit of the 
value of y, for h = 0, is the same whether h is positive or nega- 
tive, while 


The limit is therefore a 1 to 1 function of x >1. When »=1, 
the limit is 0. When 0<2<1, let where u>1; 
then we have h-'(x* —1)=h-'(1 — and, since = 1, 
— 1) = — — 1). 
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Let us define the logarithm of x (positive) as 1%) h-'(x* — 1), 
and denote it by log x We have just found that log (x~') 


=—logz. Since 1, 
log a = ,) h-'(a*b* — b") = log (ab) — log b. 


This is the chief property of logarithms. Hence, log (a?) = 
2 log a, log (a”) = n log a, and if b =a", lo (6'") = 1/n log b, 
which might be used, as by Mr. Bradshaw from another defi- 
nition of log x, to show that for every positive number 6 there 
exists one and only one positive nth root. Here n is a whole 
number. It follows that log 6” = m log (b') = m/n log b. 
If we take n incommensurable, let a = 6”, where m is an in- 
teger, b= 1+c¢, and —1<e<1. Employing the binomial 
expansion, 


= n log (1 + c) = nlog b. 
Hence 


log (a") = log (6"") = m log (6") = nm log 6 = n log a. 


That the continuous function log « has a continuous deriva- 
tive x~' may be shown thus, with Ax <a: 


dl 
im, + — 2). 


If we expand the part within the brackets and: divide the re- 
sulting series throughout by hAx, we have 


dlogx 


[es + + 


: 
(h— 1)(h — + 


If we first put h = 0, the part within brackets becomes 2~' 
— + — which is when Ax = 0. If 
we first put Av = 0, the part within brackets becomes x*“', 
which is when = 0. 


| 
| 
| 
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THE THEORY OF AUTOMORPHIC FUNCTIONS. 


Vorlesungen iiber die Theorie der Automorphen Functionen, 
Von RosBert FRrIcKE und Kern. Leipzig, B. G. 
Teubner. Bd. I: Die gruppentheoretischen Grundlagen, 
1897, xiv +634 pp. Bd. II: Die functionentheoretischen 
Ausfiihrungen und die Anwendungen ; Erste Lieferung: Engere 
Theorie der Automorphen Functionen, 1901, 282 pp. 


SrpE by side with the growth of general function theory 
special classes of functions have developed in which the general 
theories have found abundant opportunity to display their 
fertility and power. On the other hand, the study of special 
functions has repeatedly afforded the stimulus and suggested 
the path for new investigations along general lines. When, in 
addition, the intrinsic value and usefulness of such functions as 
the elliptic, hyperelliptic, abelian, hypergeometric, Bessel, etc., 
is taken into consideration, it is readily seen that the cultiva- 
tion of such special fields is scarcely second in interest and im- 
portance to that of the general theory itself. 

Among the various classes of special functions which have 
hitherto engaged the attention of mathematicians, that of most 
recent origin, and of by far the largest eontent (at least poten- 
tially) is the automorphic functions. This vast subject, the 
growth of the past quarter of a century, owes its rapid develop- 
ment to the genius and assiduity of the two eminent mathema- 
ticians, Klein and Poincaré, as well as to the comparatively 
high state of perfection of other mathematical disciplines which 
have been forced to contribute their assistance to this new field. 
Klein and Poincaré have each brought to this subject a breadth 
of knowledge and a corresponding wealth of ideas truly remark- 
able at the present day when multiplicity of interests hardly 
permits the investigator any other choice than to specialize 
within limits more or less narrow. 

Klein in particular has by precept and example urged the 
importance of a closer unity among all departments of mathe- 
matical thought, and the great advantage to be derived from 
bringing to the aid of any one field the combined resources of 
all the others. It is in his work on the automorphic functions 
that he has given the most brilliant illustration of this mode of 
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treatment. In this work he has been ably seconded by the 
efforts of the pupils and co-laborers he has been so fortu- 
nate as to gather about him at the Gottingen school, among 
whom Robert Fricke is especially deserving of the highest 
praise for the ability and industry which he has brought to the 
arduous labor of preparing for publication the volumes now 
before us, and for the wealth of material which he himself has 
contributed to the subject. 

These volumes form the sequel to, and final elaboration of 
the ideas contained in the volumes previously published, 
namely, the Ikosaeder (by Klein), and the Elliptische Modul- 
functionen* (by Klein and Fricke). The former of these 
works deals exhaustively with the finite groups of transforma- 
tions on a single variable, and the functions associated with them. 
The two large volumes of the latter treat in a very elaborate 
manner the modular group, and the general ideas necessary to 
be followed out in the study of all such groups and their func- 
tions. One of the principal objects of this fullness of discus- 
sion in the Modulfunctionen is to pave the way for a subsequent 
discussion of the general theory of automorphic functions with- 
out the restraint of burdensome details. 

The advantage of thus disposing of preliminary details, and 
familiarizing the reader with many of the fundamental ideas as 
applied to a concrete example is clearly perceived when we 
observe how completely are the various elements in the present 
work fused into an organic whole, each part in strong and vital 
contact with every other part. The degree of abstractness and 
concentration thus attained is necessary for a forceful treatment 
of a subject which seeks to embrace in one view such an infinite 
variety and complexity of phenomena. 

The theory of automorphic functions has for its object to 
investigate the discontinuous groups of linear transformations 
of a single variable ¢, and to study the properties of functions 
which are invariant for the transformations of any given group. 

The most important aid in this work comes from geometry, ¢ 
which affords a concrete representation of the values of the 


* The interesting review of the Modulfunctionen by Professor Cole, and 
the general survery of Klein’s work and ideas which it contains, renders it 
unnecessary for us to give more than a passing notice to the antecedents of 
the present work. See BULLETIN, Ist Series, vol. 1 (1892), p. 105. 

{Geometry is, in fact, at the present stage of development of the subject, 
an indispensable tool. To the lack of geometrical aids is in no small meas- 
ure to be attributed the meager success that has attended the various attempts 
to investigate automorphic functions of more than one variable. 
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complex variable ¢ and pictures the effect of a group of trans- 
formations applied to this variable. In the Automorphe Func- 
tionen an introductory chapter of about sixty pages is accord- 
ingiv devoted to the discussion of some geometrical notions not 
explained in the Modulfunctionen. 

The first geometrical interpretation of the complex variable 
£ is serviceable only for a restricted, but very extensive class 
of groups, the fundamental circle groups (Hauptkreisgruppen). 
The values of ¢ are associated with the homogeneous codrdinates 
(2, 22) 2,) of points in a plane by means of the relation 


25 


Collineations which leave the conic 


a) =0 
unaltered correspond to linear transformations 
(2) 

+8 


o» €. Taking the conic (1) as the absolute for a system of 
aon-euchdesn measurement of distance, the transformations (2) 
ieave distances unaltered, and hence they are called {in a gen- 
eralizec sen nse) motions. Congruent figures, that is, figures 
which transform into eack other have like (non-euclidean) ) areas. 
The interior of the conic, regarded for convenience as an ellipse, 
is called the “ hyperbolic ” »lane.* 

Out of the ® transformations of the continuous group (2) 
let us suppose a discontinuous group I’ selected by any suitable 
definition. This group is then proper ly, or improperly discon- 
inuous, according as the funcumentai region for has a 
nite or an infinitesimal area. By “fundamental region” is 
raeant a division of the hyperbolic plane such that no two 
points of the region are cougruent, while every point without 
the region i is S congruent to some point within. The properties 


* The cases in which the conic is imaginary (giving the 4 elliptic ?? plane), 
or breaks up into the circular poivts at infinity (giving the ordinary, or 
‘* parabolic’ plane) lead to groups of finite order, or groups associated with 
the elliptic functions. These cases receive their full share of attention in 
the work under review, but from lack of space we pass the:in by without 
discussion. 
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of a given group are all implicitly involved in the geometrical 
properties of the fundamental region which it defines, and, ac- 
cordingly, a large portion of what follows in volume I is de- 
voted to a geometric study of the fundamental region and the 
network of congruent regions which arise from it by transfor- 
mations of the group. 

Although, evidently, the fundamental region can be selected 
with a high degree of arbitrariness, it can always be defined 
(and this in an infinity of ways) so as to be bounded by straight 
lines. The fundamental region is then a polygon, and the 
group belonging to it is called a polygon group. 

A particularly useful choice for a fundamental polygon, and 
one which plays a leading réle throughout the book, is de- 
termined as follows: Let C,, C,, C,,--- be any set of con- 
gruent points. Around the points C; construct circles of 
equal radii +, meaning by circle in this connection the locus of 
all points whose non-euclidean distance from a given C, is con- 
stant. Assuming r at first sufficiently small so that no two 
circles collide, let the radii increase simultaneously and at the 
same rate for all the circles K, with the understanding that the 
lengthening of any particular ray emanating from C, shall 
cease the instant it meets a like ray emanating from a neighbor- 
ing point C,. Imagine this process to continue until the 
entire hyperbolic plane is filled without gap and without over- 
lapping. The locus of the end points of the rays departing 
from a center C, will consist of a closed chain of straight lines 
forming the boundary of a convex polygon. This region, 
called the normal polygon, is evidently a fundamental region for 
the group.* 

Now let the values of € be associated in the ordinary way 
with the points of a complex plane. Then, assuming 23 — z,z, 
to be negative for the interior of the ellipse, to each point of 
the hyperbolic plane correspond two points of the ¢-plane 
representing conjugate imaginary values of ¢ To each point 
on the ellipse corresponds one point on the real ¢-axis, and to 


* Each of the points C; is the center of a normal polygon. This polygon 
clearly contains within itself all points which are nearer to C; (in the non- 
euclidean sense) than to any congruent point. Each polygon is equal in all 
respects to every congruent polygon (still speaking in the non-euclidean 
sense). This picturing of the group with a network of equal polygons fill- 
ing up the hyperbolic plane, is seen to be a generalization of the idea of a 
network of equal parallelograms filling the ordinary (or parabolic) plane, 
with which the theory of elliptic functions has made us familiar. 
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each point outside the ellipse corresponds a pair of points on 
the real axis. On account of the one-to-two correspondence it 
is evidently sufficient to take into consideration only half of 
the ¢-plane. Moreover, by a linear transformation of ¢ the 
real axis changes into a circle C the interior of which has a 
one-to-one correspondence to the half ¢-plane and hence to the 
hyperbolic plane. 

In the hyperbolic plane the polygons crowd together in 
infinite number along the ellipse which forms its boundary, 
since this is the infinite element in the plane. Any set of con- 
gruent points, such as the C, above mentioned, will have limit- 
ing points, or points of accumulation, on this boundary. These 
limit points may cover the ellipse everywhere densely, in which 
ease the ellipse, and correspondingly the circumference of the 
circle C, forms a natural boundary for the group and its net- 
work of polygons.* The group is then called a limit cirele 
group (Grenzkreisgruppe). On the other hand, segments of the 
ellipse (or circle C’) of finite length may be free from limiting 
points. These two classes, which include all groups whose 
fundamental regions fill the hyperbolic plane, are specified by 
the general term, fundamental circle groups. 

The foregoing method of associating the € values with the 
real points of the hyperbolic plane is of practical value only 
when the substitutions of the group have real coefficients since 
it is only in that case that real points in the hyperbolic plane 
are transformed into real points.* This difficulty is obviated 
by a more general procedure. A quadric surface is taken in 
ordinary space, for convenience the sphere 


(3) 242—2=0. 


The values of & are associated with points on the surface 
of the sphere in the familiar manner of the Riemann function 
theory by means of the relation 


* It follows that any function, invariant for transformations of the group, 
has the circle for natural boundary and cannot be continued over this 
boundary which is everywhere filled with essential singularities of the 
function. 

* That there is a practical necessity for the restriction to real coefficients 
is not mentioned by our authors, although they may have expected it to be 
inferred. This inference, however, is not likely to be at once drawn by the 
reader, since the reason assigned in the text is that only in this case are 
groups of ‘‘ motion,’’ or motion combined with inversion, obtained, without 
explaining why it is desired to exclude from consideration all groups other 
than these. 
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2 
4 3. 
(4) 25 


Every collineation which transforms the sphere into itself sub- 
jects [to a linear transformation of one of two kinds, 


, +B , 
(5) = + 8? 


when € is the conjugate of £ Taking the surface of the 
sphere as the absolute fora system of non-euclidean measure- 
ment in space, the interior of the sphere is called the hyperbolic 
space. The non-euclidean distance between two points is un- 
changed by the transformations (5). Those of the first type 
are “ movements” of the hyperbolic space, while one of the 
second type is a reflection, or symmetrical transformation with 
respect to a certain plane of symmetry. 

The values of = £&-+ in are likewise represented by the 
coérdinates of points in a complex plane referred to &, 9 rec- 
tangular axes. A third rectangular codrdinate J in space is 
introduced. Then assuming 


%, 


this equation combined with (4) establishes a correspondence 
between the £, 7, # space and the hyperbolic space such that to 
a point within the sphere correspond two points sitiated sym- 
metrically with respect to the ¢ plane. The portion of the &, 
n, } space situated on one side of the ¢ plane has a one-to-one 
correspondence with the hyperbolic space. This is called the 
¢ half-space. To each plane of the hyperbolic space corre- 
sponds a half sphere of the ¢ half-space which is orthogonal to 
the ¢ plane. 

Consider now a discontinuous group I of transformations 
(5). A fundamental region for I will consist of a limited por- 
tion of the hyperbolic space (or of the ¢ half-space) of largest 
possible extent subject to the condition that no two congruent 
points are within this region. Such a fundamental region can 
be selected in an infinity of ways so as to be bounded by planes 
alone. If this fundamental region be transformed by all the 
substitutions of the group, the totality of congruent regions 


1 
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thus obtained will fill the hyperbolic space without gap and 
without overlapping. These polyhedra may or may not inter- 
sect the surface of the sphere. In the former case the surface 
is divided up into a network of polygons forming fundamental 
regions for the € transformations, which, by the mediation of 
the above correspondence (4), may be depicted on the ¢ plane, 
while at the same time the network of polyhedra are repre- 
sented by polyhedra in the ¢ half-space whose faces are half 
spheres orthogonal to the ¢ plane. The group is then properly 
discontinuous in the ¢ plane (or on the ¢ sphere). 

If, in particular, the group consists of all the transforma- 
tions which leave unchanged a point P outside the sphere, the 
polar plane of P and its circle of intersection with respect to 
the sphere is invariant for the group, which is, accordingly a 
fundamental circle group. From this point of view it is called 
a hyperbolic rotation group. If the point P is on the sphere, 
we have the parabolic rotation groups with one limit point, to 
which the elliptic functions are related. Finally, when P is 
within the sphere, the polar plane does not intersect the surface 
in real points, and hence the group has no limit points. There 
are accordingly only a finite number of fundamental regions, 
and the group is finite. It is called an elliptic rotation group. 

It is found that the use of the polyhedra in the hyperbolic 
space is an especial convenience and simplification in the study 
of properties of non-rotation groups, and indispensable for the 
investigation of groups which are improperly discontinuous on 
the surface of the sphere (or in the ¢ plane). An example of 
the latter kind to which considerable space is allotted is the 
Picard group which consists of all the substitutions of formed 
with complex integer coefficients whose determinant is 1 or i. 

Returning to the polyhedra into which the hyperbolic space 
has been divided by the transformations of the group, it is 
further noticed that these can be determined in a manner 
exactly analogous to the determination of the normal polygons 
in the hyperbolic plane. A set of congruent points C,, C,, --- 
is selected at random and small spheres (in the non-euclidean 
sense) of equal radii r described about each. Then r is imag- 
ined to increase simultaneously for all these spheres, with the 
understanding that any ray emanating from C, stops increasing 
when it meets a ray proceeding from a neighboring center. 
When this process is carried to an end, the hyperbolic space 
will be filled without gaps and without overlapping by poly- 
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hedra, all of whose faces are planes. A polyhedron determined 
in this way is called a normal polyhedron. The study of the 
normal fundamental polyhedra here plays the same rdle in in- 
vestigating the properties of the group as the normal polygon 
does in the case of the fundamental circle groups. 

Particular attention is devoted to those non-rotation groups 
whose normal polyhedra intersect the surface of the sphere in 
one or more distinct networks of polygons. A classification of 
groups is based on the nature of these nets and their limit 

ints. 

There may be a single net completely covering the sphere. 
The limit points are then isolated, and if there are more than 
two of them, the number is infinite. On the other hand, the 
number of nets may be two, or infinite. In either case the 
number of limit points is infinite since the nets are separated 
from each other by these points. Hence non-rotation groups 
may be classified into:* (a) those with two limit points; (6) 
those with an infinity of limit points. Division 6 is classified 
still further according as the number of nets is (1) one, the 
limit points being isolated ; (2) two, the limit points forming 
a non-analytie curve separating the two nets; (3) infinite, the 
infinity of iets being separated from each other by an infinity 
of limit curves formed by limit points of the group. This last 
ease is further subdivided according as the limit curves are (at 
least in part +) non-analytic, or consist entirely of circles, and 
still further as the nets are simply or multiply (always with an 
infinite multiplicity) connected. 

A kind of converse question naturally arises, naniely, in how 
far can an arbitrarily chosen polygon serve as the fundamental 
region for a group of linear transformations, and thus serve to 
define and generate the group? The restrictions under which 
a polygon can be chosen are determined for groups in the 
hyperbolic plane (fundamental circle groups). The like prob- 
lem is then solved for polyhedra in the hyperbolic space and 
the results made useful for the determination of polygons suit- 
able for defining non-rotation groups by means of the theorem : 
any polygon P, (on the surface of the sphere) is a fundamental 


* These are divisions II and IV in the book. See pp. 164-5. Division I 
comprises the ordinary cyclic groups formed by the repetition of a single 
operation, and division III comprises the rotation groups already noticed 
above. 

t If analytic curves occur, they must be circles. 
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region for some discontinuous group of transformations provided 
that a polyhedron can be constructed intersecting the sphere in 
P, and satisfying the restrictions which polyhedra are subject 
to in order to be usable for fundamental regions in the hyper- 
bolic space. 

A new kind of fundamental region, the canonical polygon, is 
next introduced which greatly facilitates the discussion of the 
generating operations of the group and the relations existing 
among them. To make clear the idea, it is observed that the 
sides of a fundamental polygon must be congruent in pairs, and 
the vertices in cycles. If the sides of a fundamental polygon 
be deformed so as to bring together and unite congruent lines 
and points, a closed surface F is obtained of a certain genus p 
which is called the genus of the group. The surface F may be 
conveniently thought of as an ordinary Riemann surface. 

Consider now the reverse process. Take any Riemann sur- 
face and draw from an arbitrary point E a canonical system of 
¢eross-cuts which reduces the surface to a simply connected one. 
It may then be deformed into a polygon suitable for the funda- 
mental region of a group. The opposite edges of the cross-cuts 
become congruent edges of the polygon, and the substitution 
which brings an edge into coincidence with a congruent edge is 
one of the generators of the group. Ifthe fundamental poly- 
gon is assumed to have vertices which are fixed points for para- 
bolic or elliptic substitutions, then a certain number of points 
€,) 5 @, are selected in the Riemann surface and cuts 
drawn from E to each of these points. If e, is to be a fixed 
point of an elliptic substitution of finite period, then the de- 
formation must be carried out so that in the end the angle at 
e, is an aliquot part of z. If, on the other hand, e; is to be a 
fixed point for a parabolic substitution, the angle must be zero 
after the deformation. The polygon so obtained is the canoni- 
cal polygon. It has 2n + 8p edges which are congruent in 
pairs. It is possible to unite some of the congruent edges by a 
suitable deformation of the polygon. Then -+ 4p substitutions 
which transform congruent edges into each other are generators 
of the group. Certain relations exist among these which read- 
ily permit their number to be reduced to n + 2p among which 
a single relation exists (in addition to the relations of the form 
V' = 1 for the elliptic substitutions). 

The second division of volume I is devoted to an application 
of the geometrical foundation principles, as laid down in the 
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first division, to the detailed study of polygon groups. The 
normal and canonical polygons are made the leading instruments 
of investigation, and the cases of the elliptic and parabolic ro- 
tation groups, the non-rotation groups with two limit points, 
the hyperbolic rotation groups, and the non-rotation groups 
with an infinity of limit points are considered in turn. The 
first three cases are comparatively simple and easily disposed 
of. The fourth case is treated at great length. The impor- 
tant principle is first deduced that for any group [' the normal 
polygon with a given center C is the region common to the 
normal polygons (with the same center) of all the groups whose 
composition generates [. This principle is applied in particu- 
lar to the cyclic subgroups of I’. 

Various properties of the sides and corners are next consid- 
ered. It is. shown for example that, while at an accidental 
corner (that is, one which is not a fixed point for a substitution 
of the group) in general only three polygons meet, for special 
positions of the center C’* more than three polygons meet in such 
a point. All polygons having the same genus p and number n 
of fixed vertices are said to be of the same kind and of charac- 
ter (p,). Polygons of the same kind having a like number 
of sides, the sides being congruent in the same order, are said 
to be of the same type. The type is ordinary or special accord- 
ing as the accidental corners occur in cycles of three and the 
fixed corners in cycles of one, or not. The relations which are 
found to exist between corners, sides, and number of cycles 
show that the occurrence of a special type involves a reduction 
of the number of sides s. Special types with s — 4 sides occur 
with each group and arise from a particular choice of the center 
C. Special types in which the number of sides is diminished 
by six or more below the number belonging to the ordinary 
type can occur only for special groups. There are called singu- 
lar groups. 


*In fact C will lie either on the ellipse, or on a certain curve of the third 


degree. 

t Our authors do not attempt to develop a theory of singular groups, but 
content themselves with remarking on the possible importance of these groups 
in relation to the theory of algebraic functions. The reader of the Auto- 
morphe Functionen will have frequent occasion, as here, to notice the occur- 
rence of gaps in the development of the subject. While the work under 
review may rightly be regarded as presenting a systematic and well-developed 
theory of the automorphic functions, a vast amount of work yet remains to 
be done. To mention only one further instance, it may be remarked that 
the theory of non-rotation groups has not yet been systematized, and in spite 


{ 
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The second chapter in this division of the book deals with 
the canonical polygon with special reference to the form it may 
take in the hyperbolic plane, and the transformations it may 
undergo on account of transformation from one canonical sys- 
tem of cross-cuts in the Riemann surface to any other. The 
details are first worked out for polygons of character (0, 3), 
(1, 1), and (0, x). The methods being made clear by these 
simplest cases, the case (p, n) is then treated in its generality. 
The remainder of the chapter is devoted to an extended dis- 
cussion of the moduli (Moduln). The moduli are the parame- 
ters on which the substitution coefficients depend, and which 
are invariant when the group is transformed by any linear sub- 
stitution. The groups so obtained are said to belong to the same 
class, and the moduli form a system of numbers characteristic 
for that class. As the groups of the same class have like 
structure, a determination of the properties of the class ac- 
quaints us with the properties of any group of the class. Any 
particular set of possible values for the moduli determines a 
class, and the number manifoldness of all the classes is meas- 
ured by that of the moduli. 

The third and last division of volume I treats of the arith- 
metic definition of discontinuous groups. This subject, al- 
though of fundamental importance, offers at the present time 
only fragmentary results on account of the great difficulties 
that it has to overcome. 

The first chapter determines the arithmetic characteristics of 
the rotation subgroups of the Picard group. This is accom- 
plished by the introduction of the Dirichlet and the Hermite 
quadratic forms, concerning which the following two theorems 
are proved: Every hyperbolic or loxodromic cyclic subgroup 
transforms into itself a particular Dirichlet form having for 
determinant a non-square ; and, conversely, every such form 
is invariant for some such subgroup. Again, every funda- 
mental circle group contained within the Picard group trans- 
forms into itself a particular indefinite Hermite form ; and 
conversely, every such form is reproduced by some fundamental 
circle subgroup of the Picard group. 

The second chapter discusses the groups that reproduce cer- 


of the considerable space devoted to this subject and the powerful aid afforded 
by the introduction of the fundamental polyhedron in the hyperbolic space, 
this portion of the field can hardly be said to have been more than lightly 
touched upon. (Compare the remarks on page 441, Vol. I.) 


1903.] AUTOMORPHIC FUNCTIONS. 481 


tain ternary and quaternary forms. This includes a large and 
important class of groups, among which the Picard group 
occurs as the reproducing group of a particular quaternary form. 
A considerable number of illustrative cases are worked out. 

The third chapter deals with groups whose substitutions have 
coefficients which are integers within a given field of algebraic 
numbers. 


Volume II, of which the first part only has appeared, is 
devoted to a study of the automorphic functions belonging to 
the groups treated in the first volume. By an automorphic 
function of an independent variable ¢ is meant a function $(¢) 
which is unaltered when ¢ is transformed by any substitution 


+ B, 
(6) 8, 


of a given group I’; that is, 


It is further required that $(¢ ‘ have no essential singularity at 

any point of the fundamental region of I’, and that within this 

region it is uniform and without branching. Accordingly $(£) 

is expansible in the vicinity of an ordinary point ©, in powers 

of ¢—¢,, and in powers of 1/€ in the vicinity of the infinite 
int. 

If ¢, and ¢; are the fixed points of an elliptic substitution of 
period /, then since the corresponding substitution can be 
written in the form 

the function ¢(£) can be expanded in the vicinity of ¢ in a 
series of ascending powers of 


Every parabolic substitution can be written in the form 


= 
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in which ©, is the fixed point. In the vicinity of this point 

$(f) can therefore be expanded in a series of ascending powers 
2nt | 

ofe y 

The first step in the development of the theory of auto- 
morphic functions is to prove that such functions exist for 
every group I which is properly discontinuous in the ¢-plane. 
This is accomplished by means of Riemann’s general existence 
theorem, the details of the proof following the methods of 
Schwarz and Neumann. 

If = & + iy, it is first shown that an automorphic potential 
u(, 7) can be found which satisfies prescribed boundary condi- 
tions, and is uniform and everywhere continuous in the funda- 
mental region of I’ except at one prescribed point ¢ where it 
becomes discontinuous like the real part of 1/(¢ — ty. 

The conjugate potential v is defined by the integral 


of, 1) = dy + df). 


It is shown that dv has the automorphic character, and that 
hence v is reproduced by any substitution of the group with 
the addition of a constant. This constant is zero for groups of 
genus. zero, and in that case the function 


= u(é, n) + iv(E, n) 


is an automorphic function of ¢. 

If p> 0, the expression Z= u + iv behaves on the closed 
Riemann surface F, on which the fundamental’ region of I is 
depicted, like an elementary integral of the second kind. 
Hence, according to the well known Riemann method, if 
Z,, Z,-++, Z,, be » such functions having different poles, con- 
stants C,, C,,---, C, can be determined so that 


is reproduced unchanged when continued over any closed path 
in F. Asa closed path i in F-corresponds to a path joining two 
congruent points in the ¢-plane, this means that =C,Z, is auto- 
morphic for the group I. 
Among the properties of ¢(f) may be mentioned the following. 
It takes any given value at » points of the fundamental 
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region P, » being the number of poles of $(¢). From this 
follows that the region P can be conformally represented on an 
ordinary y-leaved Riemann surface F of genus p by means of 
the function z = $(¢). Any automorphic function of ¢ is ac- 
cordingly an algebraic function on the Riemann surface F. On 
the other hand every algebraic function of z, W[z(f)], is an 
automorphic function of ¢, so that the totality of automorphic 
functions belonging to the group I coincides with the totality 
of algebraic functions on the surface F. It follows from this 
that between any two functions ¢,, ¢, which are automorphic for 
the group I’ an algebraic relation exists, G(¢,,¢,)=0. If 
this relation is irreducible, then every automorphic function 
belonging to the same group is rationally expressible in terms 
of ¢, and ¢,. In particular, if p= 0, every such function is 
rationally expressible in terms of any function having a single 
pole in the fundamental region. Such a function is called a 
principal function. In general, a principal function is one 
which takes a given value the least possible number of times 
within the fundamental region. 

It is evident from what precedes that every algebraic func- 
tion on the Riemann surface F which is in general a many 
valued function of z, is single valued when expressed in terms 
of ¢. Every Riemann surface can be associated with a group 
I (in fact with more than one group), so that every algebraic 
function can be expressed as a uniform function. In the lan- 
guage of geometry, the codrdinates of a point on any algebraic 
curve can be expressed as uniform (automorphic) functions of 
a variable parameter. To establish this result is one of the 
main problems of the book, or more explicitly stated: given 
any Riemann surface of genus p and n arbitrarily assigned 
points on it, €,, €,---, €,, to investigate the existence of a func- 
tion &(z) which branches at the given points and which can 
mediate the representation of the Riemann surface on a polygon 
suitable for the fundamental region of a limit circle group and 
having vertices corresponding to e, which are fixed points for 
substitutions of periods 1,, /,,---,1,, these being any integers 
> 1, or infinite. 

Since $(f) takes any given value » times in every polygon 
which is congruent to the fundamental region P, and since 
these polygons crowd together in infinite number about the 
limit points of the group, it follows that ¢(¢) takes any given 
value an infinite number of times in the immediate vicinity of 
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such a point which is accordingly a point of essential singu- 
larity for the function. If these limit points fill a curve, the 
limit curve, everywhere dense, this curve forms a natural boun- 
dary for the function over which it cannot be analytically con- 
tinued. 

Corresponding to the classification of the discontinuous 
groups, an analogous classification of the automorphic functions 
is given. 

I. Cyelie functions, belonging to cyclic groups. 

If the group is elliptic of period /, the principal function is 
the algebraic function [(¢—§)/(€—¢)]'. If the group is 

1 
parabolic, the principal function is ey $-%, If hyperbolic, or 
loxodromic, the automorphic functions are the elliptic functions 
of log [(f— —£)]. 

II. Elliptic functions. The corresponding groups are the 
parabolic rotation groups. 

III. Fundamental circle functions. These belong to groups 
whose limit points lie on a circle. If the circle is everywhere 
dense with fixed points, we have the special, but highly im- 
portant, class of functions existing only within the circle and 
having the circumference for a natural boundary. 

IV. Automorphic functions in general, without fundamental 
circle. This last and most extensive division of functions does 
not at present admit of precise classification owing to lack of 
knowledge of the non-rotation groups to which they belong. 
Three main subclasses are given, however, corresponding to 
the subdivisions of the groups mentioned above. 

The inverse problem of determining the nature of ¢ as a 
function of z in the Riemann surface F is next considered. 
When z describes a closed path in F, ¢ is either unchanged or 
undergoes a linear transformation. It is infinitely many 
valued, and is accordingly called a polymorphic function. The 
important question. arises as to whether in case any Riemann 
surface whatever is given, a polymorphic function exists, 
having the properties of the function € and capable of repre- 
senting the Riemann surface on a polygon (or other region) 
suitable as the fundamental region for a group of linear sub- 
stitutions. The full discussion of this problem is reserved for 
the remaining part of the volume which is not yet published, 
the author delaying on this point only to show that the poly- 
morphic function ¢ satisfies a differential equation of the third 
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order obtained by equating the “Schwarzian derivative” of ¢ 
to a certain function which is algebraic on the surface F. 

From a consideration of automorphic functions of ¢ we pass 
on in the second chapter to the consideration of forms belong- 
ing to groups of genus zero. The variable ¢ is separated into 
the quotient of two variables ¢, ¢. Instead of the group T° 
of substitutions of the form (6), the corresponding group of 
homogeneous substitutions 


(7) + BS» = + 8,0, 


is introduced. The course of the investigation is directed 
towards the construction of binary forms in ¢, ©, having the 
automorphic character. This treatment of the problem from 
the point of view of binary forms is characteristic of the 
methods of Klein as previously employed in the Icosahedron 
theory and the Modular Functions. 

An automorphic form is defined as a homogeneous, non- 
branching function of ¢, & of dimension d (d being any 
rational number) which is reproduced multiplied by a constant 
» when the variables describe any continuous series of admis- 
sible value such that the end values ¢,, ¢ are congruent to the 
initial values with respect to the homogeneous group of uni- 
modular substitutions (7). 

That is, 


The quotient of two forms of like dimensions and the same 
multipliers is evidently an automorphic function of ¢,/¢ = ¢ 
Among the various forms that could be constructed for a 
given group (p = 0) two are of especial interest, the principal 
form, and the prime form. The former is defined by the 
equation 
1 dz 
dg’ 


in which z is a principal function, that is, an automorphic 
function of £ which takes a given value but once in the funda- 
mental region. The principal form is absolutely invariant, is 
of dimension — 2, has one pole of order 2 at the point where 
z= o, and vanishes of order 1—1/l, at a vertex ¢, of the 
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fundamental region which is a fixed point for a substitution of 
period 7. It has no other poles or zeros. 

If e, is the value of z at = ,, then (z — e,) vanishes of the 
first order at =e, and at all equivalent points: Hence the 
product 


6) (a), 


in which ¢_, is the principal form, does not vanish at the ver- 
tices, and is zero of order 


k k 


at the pole , of ¢_,. Accordingly, if the expression (8) is 
—5), 
at £. Such a form, denoted by z,(¢,, ¢,), is of dimension v in 
©, 6, and is finite and different from zero at every point of the 
fundamental region except ¢. It is called a prime form. 


The form 


is likewise a prime form whose zero point in the fundamental 
region coincides with that of z. 

The formula az, + 6z, defines a binary family of prime forms, 
all of which behave like z, with respect to the substitutions of 
the homogeneous group, and whose zero point varies with the 
parameter a/b. 

If (z, e,) denote the particular form of this family which 
vanishes at the fixed corner ¢, of the fundamental region, then 
the form 


raised to the power the result vanishes of the first order 


= V (z, é,) 


is a non-branching form for the group. It is called the ground 
form belonging to the corner e,. In case of an elliptic point J, 
is the period of the substitution, and for a parabolic point /, may 
be any positive integer. 

The effect of the substitutions of the homogeneous group 
upon any form ¢, is next determined. This is accomplished 
by caleulating the multipliers 4, which arise from the generat- 
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ing substitutions. From this set of multipliers, called a mul- 
tiplier system, the multiplier for any other operation of the 
group is obtained by a very simple formula. 

The number of theoretically possible multiplier systems hav- 
ing been determined, it is then proved that automorphic forms 
of any allowable dimension d exist for every such system. This 
is done by first showing that every automorphic form can be 
expressed as a product of prime forms and ground forms, and 
that this product can be so chosen that the system of multi- 
pliers will coincide with any given possible system. In par- 
ticular, the forms with the multiplier system uw, = 1 exist for 
every group I and for every integer dimension d. They are 
absolutely unchanged by substitutions of the group, and for 
this reason are called proper automorphic forms. 

The variables ¢, ¢, when regarded as depending on z,, z, are 
polymorphic forms in the latter. On multiplying ¢ and ©, by 
certain forms in z,, z, polymorphic forms are obtained which are 
of zero dimension and behave like ¢, ¢ with respect to sub- 
stitutions of the group. Analytic expressions for these various 
forms are obtained, and differential equations of the second 
order which they satisfy are deduced. 

Some of the foregoing results are illustrated by means of the 
hypergeometric function. 

The third chapter treats of the Poincaré series with a detailed 
consideration of the case p = 0. This subject, which is one of 
the most important and fundamental in the entire theory of 
automorphic functions, is handled in a very felicitous and attrac- 
tive manner. 

“ Poincaré series” is the name given in the present work to 
the series 


(9) 5) = Dome H(a,5, + Bio, + 2.5), 


in which H(¢,, ¢,) is any rational homogeneous function of ¢, 
¢, and yw, is the multiplier, of any allowable system, corre- 
sponding to the transformation (7). The function ¢ thus 
defined is an automorphic form for the given group with the 
multiplier system p,. 

If the above series be divided by £4, d being the dimension 
of ¢, and the multiplier system » =1 taken, the resulting 


formula 
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with d a negative even integer, is the “ theta” series introduced 
by Poincaré, and is the principal element out of which he 
constructs the analytic theory of the automorphic functions. 
This function is reproduced, multiplied by a factor, by any 
substitution of the group ; that is, 


af +B, 


while the corresponding form ¢ is entirely unchanged. 

The series (9) is proved by two methods, both due to Poin- 
caré, to be convergent. The first proof establishes the con- 
vergence for a group with one limit curve, or an infinite num- 
ber of them, and for all dimensions d=— 4. This is the most 
general case and includes all others. 

Under what conditions the Poincaré series is convergent for 
values of d greater than — 4 is a problem not yet completely 
solved, but the case d = — 2 receives somewhat extensive con- 
sideration. It is shown that for this value of d the series is no 
longer absolutely convergent whenever the group has one or 
more limit curves ; but that for fundamental circle groups which 
are not limit circle groups, and for certain other groups without 
limit curves, the series is unconditionally and uniformly con- 
vergent. These results, which are largely due to the investi- 
gations of Burnside and Schottky, lead the authors to suggest 
with Burnside that the theorem is possibly true for all groups 
without limit curves. It is worthy of remark, also, that groups 
exist (for every genus p) for which the series of dimension 
d = — 1 is absolutely convergent. 

The second proof is given for the case of a fundamental 
circle group, and establishes the convergence of the series (9) 
for all dimensions d less than — 2. 

The quotient of two Poincaré series of like dimension d and 
with the same multiplier system is an automorphic function of 
€=¢,/¢, Thus the Poincaré series affords a simple and ele- 
gant formula for the construction of functions belonging to the 

up. 
"cn serious obstacle in the way of using this series arises 
from the possibility of its identical vanishing. That this possi- 
bility is not an imaginary one is shown by proving that identi- 
cally vanishing series exist, and in infinite number for every 
dimension d. The difficulty is avoided by the construction of 
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series having one or more poles in the fundamental region. 
This is effected by assigning poles to the function H which is 
used in generating the series. The case of a single pole in the 
fundamental region being the simplest one is considered in de- 
tail. It is proved that such a series can always be constructed, 
and the details of the method, and the actual form of the series 
are given except in the case of absolute automorphic forms of 
dimension — 2 which must have at least two poles. It is 
shown that the pole can be taken at any point in the polygon 
net, the parabolic fixed points alone excepted. 

The one-pole series is now placed in the foreground. On the 
introduction of a suitable multiplying constant, it becomes dis- 
continuous at the pole ¢ = &,, ¢ = &, like 1/(&, —¢¢,). The 
series so normalized is called an elementary form and is denoted 
by 2 (6, 6; &,&). It is worthy of notice that this elementary 
form, when regarded as depending on &,, &,, is of dimension 
— d— 2, and in its manner of becoming discontinuous behaves 
like an automorphic form with inverse multiplier system pz’. 
In order that 2 may be an automorphic form in &,, &, it is 
necessary that, when expressed as a product of prime forms 
and ground forms, it be of dimension — 1 in the former. It 
also has the same property when regarded as a form in ¢,, ¢,, 
which fact leads to the expression of © in this case by a very 
elegant formula [(12), page 201]. 

Except for the special case just mentioned, 2 is not auto- 
morphic in &, &. It has, however, certain properties as a 
function of these variables, which lead to the important con- 
clusion that every automorphic form which vanishes in the 
parabolic points can be expressed in the form of a Poincaré 
series provided the dimension d is one for which that series is 
convergent. That automorphic forms exist which are not ex- 
pressible as Poincaré series is shown by the occurrence of such 
a case for d = — 1 in the modular group. 

This result is further generalized by showing that every 
automorphic form with arbitrary poles none of which occur at 
a parabolic point, is expressible as a Poincaré series plus an 
integral automorphic form. 

The fourth and last chapter generalizes the results to the 
case p>0O. As in this case the automorphic functions are no 
longer expressible in terms of a principal function z, the simple 
prime form for p= 0 must be replaced by the transcendental 
prime form which enters into the theory of abelian functions. 
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The Ritter prime form introduced here, while not so simple an 
analytic expression as the Klein prime form, has the advantage 
over the latter of not vanishing at the branch points of the 
Riemann surface F. 

Klein’s prime form Q(z, y) is defined as the limit of the 
expression 


xr+dxz, y+dy 


(x, dz) (y; dy) 


for dx = 0, dy=0. Here Ilé” is the normal integral of the 
third kind on the m-leaved Riemann surface, while (x, dx) is 
written for brevity to represent the homogeneous differential 
expression 2,dx, — z,dz,. 

Ritter’s prime form P(z, e) is 


in which e is any point of the Riemann surface and Q(z, «,) is 
Klein’s prime form with the path of integration extending to 
the point at infinity in the ith sheet of the surface, while z, is 
one of the homogeneous variables into which z = z,/z, is sepa- 
rated. The prime form thus defined is everywhere continuous 
and has only a single zero of the first order atz=e. It is, 
however, in the periodic property of this prime form with re- 
spect to substitutions of the group I’ that its superiority over 
the Klein form is especially marked, for while the latter is re- 
produced multiplied by a function of z, the former has a multi- 
plier independent of z. 

Expressions are next obtained in terms of the Ritter prime 
form for the polymorphic forms ¢, ¢ whose quotient gives the 
variable ¢ in terms of which z is an automorphic function. 

Just as in the case p = 0, the variable € as a function of z 
satisfies a differential equation of the third order obtained by 
equating the Schwarzian derivative to a certain function R 
which is rational and algebraic on the Riemann surface, and 
which depends on n + 3 p— 3 arbitrary constants, the acces- 
sory parameters of the differential equation. The form of the 
function R is determined for three cases,of special interest, viz: 
1. When the group I is of character (1, 7). 

2. When it is hyperelliptic of character (p, 0). 
3. For the general case of character (3, 0). 
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The polymorphic forms ¢,, ¢, satisfy the differential equation 
of the second order 
PF 


de + RF=0, 


in which F is the function occurring in the differential equation 
of the third order for ¢. 

The general multiplicative forms, that is, the automorphic 
forms which are reproduced with multiplying constants by the 
operations of the group I’, are now taken under consideration, 
the main result arrived at being the theorem that such forms 
aiways exist for every integer dimension d and for every 
theoretically possible multiplier system. Every form ¢ of this 
kind is expressible as a product of ground and prime forms 
giving the zercs of ¢, divided by a product of prime forms 
giving the poles of ¢. As in the case p = 0, the ground form 
is a properly chosen root of a prime form which vanishes at 
one of the fixed corners of the fundamental polygon. By 
prime form is here meant the product of the Ritter form by 
an exponential factor whose exponent is an abelian integral of 
the first kind on the Riemann surface, such an exponential 
factor being the most general expression for a multiplicative 
form without poles or zeros. 

Among the automorphic forms belonging to a group of genus 
p those of dimension — 2 and multiplier system 1 which are 
free from poles have particular interest. Denoting such a form 


oy D_,(¢,, ¢,) it is observed that the integral f 
is of dimension zero and hence a function of ¢ (and therefore 
of z) which is everywhere finite on the Riemann surface F. It 
is accordingly an abelian integral of the first kind. As there 
are p linearly independent integrals of the first kind it follows 
that. the same number of linearly independent functions ®_, 
exist. The number of linearly independent forms ¢ of given 
dimension and multiplier system is —p +o + 1, in which ¢ 
is the number of zeros of ¢, and o is the number of linearly in- 
dependent forms ®_, which vanish in these ¢ zero points. This 
is clearly only another form of the Riemann-Roch theorem. 
The expression of automorphic forms by means of the Poin- 
caré series next demands attention. It is to be remarked first 
of all that in order to insure the convergence of this series, the 
multipliers 4, were assumed unimodular. If a form ¢’ has 
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multipliers which are not unimodular, it can be expressed in 
the form 


in which ¢ is a form with unimodular multipliers and the w, 
are normal integrals of the first kind on the Riemann surface 
F. A generator of T which corresponds to a crossing of a can- 
onical period path in F will then reproduce ¢’ with a multi- 
plier ep, p, and pu, being the corresponding moduli of period- 
icity of w, and the multiplier of ¢ respectively. By a proper 
choice of the c; it is evident that any desired multiplier system 
may be assigned to ¢’. 

In order that the form ¢ be expressible as a Poincaré series 
it is further necessary that it vanish in the parabolic fixed 
points. After a somewhat lengthy, but interesting analysis, a 
conclusion is reached similar to that in case p = 0, namely — 
every unimultiplicative form of dimension d satisfying the 
convergence condition, which vanishes in the parabolic points, 
and only such a form, is expressible as a Poincaré series ; 
and every automorphic form with arbitrary poles, none of 
which occur at parabolic points, is expressible as a Poincaré 
series plus an integral automorphic form. 


J. I. Hutcurson. 
CoRNELL UNIVERSITY. 


LORIA’S SPECIAL PLANE CURVES. 


Spezielle algebraische und transcendente ebene Curven, Theorie 
und Geschichte. Von Dr. Gino Loria.  Autorisierte, 
nach dem italienischen Manuscript bearbeitete deutsche Aus- 
gabe von Fritz Scuitre. Leipzig, B. G. Teubner, 1902. 
8vo., xxi + 744 pp. + 17 plates containing 174 figures. 


AxsouT ten years ago the Royal Academy of Sciences at 
Madrid offered its triennial prize to be awarded upon the 
thirty-first of December, 1894, for “‘ An ordered account of all 
curves of any kind which had received special names, and a 
further short account of their form, their equations, and their 
inventors.” To this prodigious question no response seems to 
have come. Three years later the question was repeated. 
Professor Loria presented his researches, which were received 
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in a most flattering manner, as well they might be. These re- 
searches, in a somewhat altered form, carefully worked out and 
translated into German, form the contents of the large volume 
here under review. 

Although the work is encyclopedic and all-inclusive so far 
as it goes, it does not cover the entire question set by the 
Academy at Madrid. Those curves, which are made up of 
ares of other curves, and which therefore, though often of great 
use in applied mathematics or in the theory of the fine arts, are 
not representable by a single analytic equation, have purposely 
been omitted. No reference has been made to curves in space. 
The investigation of these must be left for a separate volume, 
which it is to be hoped Professor Loria will have time and in- 
clination to write. In all other respects the author has covered 
the immense field of special curves whether named or not 
named. Thus, while in one way he has failed to compass the 
extent indicated in the announcement of the prize question, in 
another way he has exeeeded the limits. 

.As the investigations on special curves often long antedate 
the Jahrbuch and lie hidden in doctors’ theses, in essays, ad- 
dresses, letters of a private correspondence, and in larger 
treatises where they are introduced only for some immediate 
special purpose, there can be little doubt — as the author him- 
self modestly states — that some of the curves have not been 
attributed to their earliest inventors and that others may have 
been overlooked entirely. To find most of the special curves is 
not easy ; to find them all is impossible. But probably no one 
person will detect more than a few corrections or additions to 
this work of Professor Loria, who has made such a profound 
and long-continued study of the field. Essential improvements 
must be the result of years and of many collaborators. 

The method of treatment pursued by the author is, with the 
rarest exceptions, analytic. In the case of some curves, like the 
cissoid and conchoid, which date back to antiquity, a limited 
amount of geometric reasoning has been employed. For the 
most part, however, even these oldest curves have been handled 
analytically by the methods of rectangular or polar coérdinates, 
or both. This method of treatment is to be commended, for 
only in this manner could be given anything approaching such 
a complete and systematic treatment as would interest modern 
readers. The large number of foot-notes, referring to the 
places where the original treatment of the curves may be 


494 LORIA’S SPECIAL PLANE CURVES. [June, 


found, will be of invaluable service to those who delight in 
antiquarian methods or research. Most readers will find in 
the volume before us enough to satisfy them, except where the 
author has preferred to refer to some modern work in which a 
special curve is fully treated, rather than to give that treatment 
in detail. For example, the cardioid possesses numerous prop- 
erties, of which only a few are given in the text, leaving the 
others to be studied in the elaborate thesis of Dr. R. C. 
Archibald. 

Professor Loria’s book will appeal in different degrees to a 
great variety of readers. That everything in the work should 
be interesting to a large number is inconceivable. Despite the 
careful and logical arrangement one can not fail to perceive that 
the problems are distinct and subject to distinct methods of 
treatment. The theory of special curves must necessarily be a 
collection of special theories, each applicable in general only to 
its particular curve. To this statement there are a few excep- 
tions. If the curve happens to be unicursal, that is, expressible 
rationally in terms of a parameter, there are general theorems 
and methods which apply. Usually, however, one finds that 
he has at his disposal no other mathematical implements than 
elementary analytic geometry and the first principles of the 
differential and integral calculus. There must be some special 
motive or no one would read the book through as he might read 
a work on a more connected field of mathematics. On the other 
hand there is much here which will interest every one, especially 
one who teaches the elements of analytic geometry or of cal- 
culus. Every teacher knows the value of choosing problems 
which have interested mathematicians from early times down 
to the present day. Such problems are often easier for stu- 
dents to handle than the artificial ones invented purposely for 
exercises. The early mathematicians were not refined experts 
in analysis, having no great theories on which to draw. So 
they were forced to invent simple. curves with simple properties 
immediately connected with simple geometric constructions, and 
these they treated by elementary means. The result is that this 
work done early in the development of mathematical science 
furnishes problems valuable in mathematical teaching. 

This material has been collected by Professor Loria and put 
into a form easily accessible to all. For example the chapter 
on the cissoid of Diocles contains, in addition to the deduction 
of the equation of the curve, the following properties which, 
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taken collectively, form a series of interesting problems easy to 
prove by elementary methods. “The pedal of the parabola 
with respect to the vertex is a cissoid. The locus of points 
symmetric to the vertex of a parabola with respect to a (mov- 
ing) tangent is a cissoid. If one parabola rolls externally upon 
an equal parabola the locus of the vertex is a cissoid. The polar 
reciprocal of a cissoid with respect to a circle about the cusp as 
center is a semi-cubical parabola. The envelope of the common 
chords of a cissoid and its (moving) circle of curvature is a simi- 
lar cissoid of which the ordinates for corresponding abscissas are 
4-(¥)! as great. The area between the cissoid and its asymp- 
tote is three times the area of the generating circle (Fermat ; 
geometric interpretation by Huygens communicated to Wallis 
in a letter). The center of gravity of this area divides the 
distance between the cusp and the asymptote in the ratio 5 : 1. 
The volume generated by the revolution of the cissoid about 
its asymptote is equal to that of the ring generated by the same 
revolution of the generating circle (Sluse). The difference be- 
tween the lengths of the cissoid and its asymptote when the 
ordinates y and — y become infinite, approaches a finite quantity 
which may be evaluated by means of logarithms.” 

Here are eight theorems — four in analytic geometry, four in 
elementary calculus. These theorems are’ connected with such 
names as Diocles, Fermat, Huygens, Wallis, and Sluse ; and the 
footnotes refer to places where these and further theorems may 
be found. Similar treatment is given to other curves including 
the cardiod, hypocycloid of three cusps, conchoid of Nicomedes, 
catenary, and tractrix. The student might well make the ac- 
quaintance of some of these famous curves early in his career. 
They are certainly more interesting than purely artificial loci. 
Then too there are curves in Professor Loria’s book which are 
discussed by means of hyperbolic and elliptic functions and 
offer good exercise in their manipulation. 

Most of the important theorems are printed in heavy faced 
type. They stand out on the text with an emphasis more than 
italic and may easily be found by rapidly turning the pages. 
A valuable and pleasing feature of the-work is the elaborate 
plots of the important curves. There are one hundred and fifty 
numbered figures; but, as many of the numbers are subdivided, 
there are actually about one hundred and seventy-five different 
plots. The volume ends with an index of names, an index of. 
subjects, and a special index for the plates. This careful atten- 
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tion to the form in which the volume is offered to the public is 
especially welcome in this case as it greatly facilitates rapid 
reference to any particular curve. 

We now pass to a more detailed examination of the work. 
The first section of three chapters and thirteen pages, deals 
with the straight line, circle, and conic sections. Naturally the 
treatment is cursory, being-in fact merely a few historical notes 
upon the most important ideas such as the geometry of a ruler, 
of a parallel ruler, or of the compasses. The author then passes 
immediately to higher plane curves. 

The second section contains fourteen chapters reaching to the 
ninety-fourth page of the text and treating of cubics in point 
coérdinates. The classification into five types (Chapter I) and 
the general treatment of unicursal (rational) cubics (Chapter IT) 
are the most straightforward, neat and elementary that we 
know. The author, relying on the apology that his treatment 
is encyclopedic, gives F. W. Newman’s classification of cubics 
into forty-two subtypes, each bearing a botanical or architec- 
tural name. It seems as if in this case a reference to the orig- 
inal memoir would be sufficient. In its place might have been 
given an account of that omitted but interesting work of Mobius 
which treats curves by means of their projection on a sphere. 
The circular curves, the cissoid with its generalization, the 
cubical parabola and folium of Descartes, the oblique and right 
strophoid, Sluse’s conchoid, Rolle’s curve, and the various 
witches, fill up the main part of the section. The two con- 
cluding, like the two beginning chapters, are the most interest- 
ing. They treat the cubic curves which serve for the trisec- 
tion of an angle and the duplication of a cube, thus solving in 
a manner those two celebrated problems of antiquity, of which 
at least one is supposed to be of Pythian origin. 

At this point we enter the only two serious complaints to be 
made against Professor Loria’s work. First, there is practically 
no attention paid to line-codrdinates, homogeneous or non- 
homogeneous. To be sure in earler times these codrdinates 
were unknown. It is only within the last century or half- 
century that they have become of importance. Hence there 
must be ‘very few special curves defined by means of them. 
Yet in any extended treatise, even on special curves, these codr- 
dinates merit more attention than the author gives them — as 
they also do in elementary instruction where, they can serve as 
the most simple and important examples of envelopes. We 
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see in Professor Loria’s work numerous cases of isolated or 
acnodal points; but isolated tangents seem to be lacking. 
This geometric phenomenon is however more worthy of note 
as it seems more peculiar and more confusing than in the case 
of points. This first objection may be only half-hearted, but 
not so our second. 

A more important objection lies in the fact that no mention 
is made in the text or indexes of Abel or his celebrated theorem 
which yields beautifully and powerfully some of the most in- 
teresting properties of higher plane curves. That the theorem 
applies in general is no hindrance to its use on special curves. 
The lack of it is not particularly felt when dealing with rational 
curves of the third and fourth orders. The author obtains the 
congruences, which would be given by Abel’s theorem, by an- 
other means — that of the rational representation. But in any 
work on algebraic curves, special or otherwise, the total omis- 
sion of this theorem, which is perhaps the greatest single theorem 
in the subject, seems scarcely conceivable. 

The third section extends to page 218 and contains sixteen 
chapters. To the first three chapters, on classification of 
quartics, unicursal quartics, and elliptic and bicircular quar- 
tics, the remarks made upon the first two chapters of the 
preceding section apply. The absence of Abel’s theorem 
begins to be felt. The succeeding chapters treat of Perseus’s 
spiral, Nicomedes’s conchoid, three-cusped curves of the fourth 
order and in particular the hypocycloid, cartesian ovals, 
polyzomals of the fourth order, rational curves with a node at 
which the tangents to the two branches are coincident, con- 
chals, cassinian ovals, curves with three double points at each 
of which both branches possess inflections, the mussel-line, a 
quartic for trisecting angles, quartics which may be ‘obtained 
in simple manners from conics. The mussel-line, although not 
especially interesting for its geometric properties, deserves a 
passing note because among a number of other things it was 
invented by Diirer (1525) for use in the fine arts and was said 
by him “ to serve many a useful purpose.” 

The titles of the chapters of the first three sections have 
been quoted so fully merely to indicate the vast amount of 
detail, the great care and exhaustiveness with which the vol- 
ume before us has been compiled. There appear a number 
of names doubtless quite unknown to most readers. In many 
cases the curves themselves possess no very great interest and 
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are passed by with but short notice. Some of the chapters are 
less than two pages in length; others extend over more than 
a dozen. In the following sections only the more important or 
better known curves will be mentioned. 

Section IV deals with special curves of order greater than 
four. The orders reach nine and even twenty-five in the case 
of some curves connected with lemniscate functions. Probably 
the most interesting curve is Watt’s, derived from Watt’s par- 
allelogram. The other names such as astroids, scarabeans, 
nephroids, atriphtaloids probably represent so little to the 
mind as to be not worth quoting. 

To this point the curves have so been defined as to possess 
a definite order. The author next passes to curves which may 
have any desired order. Among these are the parabolas and 
hyperbolas of order n, the pearl curves, Cayley’s general poly- 
zomals defined by =, U, = 0, ovals, curves for dividing an 
angle in a given ratio, self-polar curves, and curves obtained 
by inversion (anallagmatic). There are at the end of the sec- 
tion chapters, which possess a greater interest, upon algebraic 
curves whose rectification depends on assigned functions. The 
author gives applications to curves of which the length may be 
expressed in terms of arcs of an ellipse or lemniscate. Taken 
in its entirety this fifth section is one of the longest in the book ; 
it contains seventeen chapters and over one hundred and fifty 


ges. 

The sixth section is the longest, with its twenty-five chapters 
and almost two hundred pages, and the subject, special trans- 
cendental curves, is one of the most interesting. Among others 
are found curves for squaring the circle, spirals of various spe- 
cies, the whole trochoid family whether the base upon which 
the circle rolls be straight line or circle, the tractrix, catenary, 
cross-ratio or W-curves of Klein and Lie, lines of Mercator and 
Sumner, curves assumed by one-dimensional elastic bodies, the 
herpolhode, and some other curves of mathematical physics. 
Here, too, is a short account of the crinkly or otherwise amor- 
phic curves. Strangely enough there seems to be no treatment 
of the T'-curve in the text and the name does not occur in the 
index. The omission appears extraordinary as that curve not 
only possesses interesting properties of itself, but aids in the 
representation of many functions among which may be cited 
Euler’s integrals of the second kind. The whole section is a 
veritable treasury of problems of a purely geometric nature 
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solvable by the use of the simpler transcendental functions, and 
as such it ought to appeal to those teachers of calculus who 
prefer not to draw very largely on physics for their problems. 
There are also excellent examples in the use of intrinsic coér- 
dinates and an appendix is devoted to showing how to pass 
from an equation in intrinsic to the corresponding equation 
in cartesian codrdinates. The intrinsic equations are certainly 
interesting and important, and it is to be hoped that they will 
find greater recognition now that Professor Cesaro’s work has 
appeared in German under the title Natiirliche Geometrie.* 

The seventh and concluding section, in twelve chapters and 
about one hundred and twenty pages, treats the very general 
question of curves which may be obtained by certain laws from 
a given curve. The generalized tractrix, evolutes, involutes, 
glissettes, parallel and radial curves, caustics, pedals and anti- 
pedals, and finally the derivative and integral curves derived 
by y=f'(x) and y= f J(x)dx where f(x) itself is defined by 
an equation F(x, y) = 0, form some of the topics. The last is 
worthy of especial mention owing to the fact that in general the 
derivative and integral curves are discussed only in the special 
case where the function f(z) is a polynomial in ~. 

Although we have reached the end of the book proper, a note 
of a dozen pages under the unpromising title: Review of the 
historical development of the theory of plane curves, contains 
for advanced students a subject of more interest and stimulus 
than fhe rest of the volume taken together. This subject is 
the author’s recent work on a class of curves which he calls 
panalgebraic and which are in general transcendental. The 
last seven pages of the note form a summary of Professor 
Loria’s memoir, originally published in the Prager Berichte, and 
more recently reprinted with additions in the sécond volume of 
Le Matematiche Pure ed Applicate. Owing to the restricted 
American circulation of these periodicals the researches on pan- 
algebraic curves are probably not well known among us, and 
we may be permitted in closing this review to go into detail 
upon the note with which the author closes his book. 

Very truly he says: “ What we need is a theory which will 
include most if not all of the known transcendental curves.” 
Such is his theory of panalgebraic curves: for there are only 
about a half-dozen known curves which fail to fall under this 


* See Dr. Snyder’s review in the BULLETIN for April, 1903, pp. 349-357. 
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classification. The author considers a function F(z, y, y’) alge- 
braic in each of the three variables x,y, y’. Without loss of 
generality we may assume that the function F is rational and 
integral and that the polynomials in z and y, which serve as 
coefficients of the powers of y’, have no common factor $(z, y). 
Write 


F(x, = yy’ = 0. (1) 


If the order of the polynomial F regarded as a function of x 
and y be v, then v is the order of that polynomial f(x, y) which 
has the highest order. 

Definition: A curve which satisfies a differential equation ot 
the form (1) is said to be panalgebraic. The degree of the 
curve is said to be n, the degree of the polynomial F in 7’. 
The rank of the curve is said to be v, the degree of the poly- 
nomial F in x and y. 

It is evident that the panalgebraic curves are to be regarded 
as the members of families, each of co’ members: for the integral 
of equation (1) contains an arbitrary constant. An algebraic 
curve may be regarded as a panalgebraic curve of degree zero. 
The following theorems are fundamental in the theory. 

I. If a curve is panalgebraic when regarded as a locus, it is 
panalgebraic when regarded as an envelope, and conversely. 

II. In a family of panalgebraic curves of degree n and rank 
v there are n curves which pass through each point of the 
plane and v which touch each line. 

III. In a family of panalgebraic curves (n, v) there are mv 
+ np which touch a given algebraic curve of order i and 
class p. 

IV. The points of tangency of the tangents drawn from a 
given point P to a panalgebraic curve (n, v) lie on an algebraic 
curve of order v + n, of which the given point P is an n-fold 
point. 

V. The tangents drawn at the points of intersection of a 
panalgebraic curve (n, v) and a given line p touch an algebraic 
curve of class n + v, of which the given line p is an v-fold 
tangent. 

VI. The cusps of a panalgebraic curve lie on an algebraic 
curve. 

VII. The inflection tangents of a panalgebraic curve touch 
an algebraic curve. 
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VIII. The system of all panalgebraic curves is invariant 
under the group of all contact transformations. 

IX. The orthogonal trajectories of a family of panalgebraic 
curves form a family of panalgebriac curves of the same degree 
and rank. 

X. There exist for panalgebraic curves certain derived al- 
gebraic curves analogous to the steinerian and _hessian. 
Hence : 

XI. The inflection points of a panalgebraic curve lie on an 
algebraic curve. 

XII. The cuspidal tangents of a panalgebraic curve touch 
an algebraic curve. 

When one considers that some relatively simple panalge- 
braic curves, such as the epicycloid in case the radii of the two 
circles are incommensurable, and the herpolhode practically fill 
completely an entire region of the plane, it is difficult not to be 
surprised at the simplicity of the results. For example the 
logarithmic spiral is of degree 1 and rank 1. The application 
of theorem IV yields the following result: The points of tan- 
gency of the tangents drawn from a point P to a logarithmic 
spiral lie upon a conic which passes through P. The appli- 
cation of the same theorem to Lissajous’s curves (n = 2, v = 2) 
yields : The points of tangency of the tangents drawn from a 
point P to a Lissajous’s curve lie upon a quartic which passes 
twice through the point P. A similar result obtains for the 
epicycloid (n = 2, v= 4) except that the locus is a sextic. 
Two general facts, first the dual property (theorem I), second 
the invariance under contact transformations (theorem VIII), 
will surely add to the simplicity and interest of any future de- 
tailed theory of pandlgebraic curves. 

In conclu ion we can not only express our thanks to Pro- 
fessor Loria for his volume on special curves and wish it suc- 
cess, but we can, with a pleasure the greater by contrast, rec- 
ognize in him the founder of a theory of curves more general 
than any heretofore known. We can most heartily join in his 
closing hope that the present century will bring forth the much 
desired general theory and classification of transcendental plane 
curves. It is reasonable to assume that this work of his can 
not fail to be one of the most important advances toward the 
full realization of that hope. 


Epwin WIIson. 
Ecorse NorMALEe SuPERIEURE, Paris, 
December 
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Théorie élémentaire des Séries. Par MAURICE GODEFROY, Bib- 
liothécaire de la Faculté des Sciences de Marseille, avec une 
préface de L. Sauvace. Paris, Gauthier-Villars, 1903. 

La Fonction Gamma. Par M. Goperroy. Paris, Gauthier- 
Villars, 1902. 


THE text-book literature of European mathematics has, since 
Euler’s day, been blessed with numerous and most excellent 
books treating the elementary convergent processes from the 
algebraic standpoint. In such books we find a systematic ap- 
plication of the algorithm of inequalities to such: questions as 
the convergence of infinite series, products and continued frac- 
tions and, after Cauchy’s day, uniform convergence and term- 
wise differentiation and integration of series. 

These books which used to go by the generic title of books 
on algebraic analysis * afford an admirable introduction to a 
theoretic course in the calculus, in that they present its basal 
ideas in a form at once most concrete and comprehensible to 
the beginner. 

It has been the custom of continental text-book writers on 
the calculus in recent years to incorporate such of this matter 
as relates to the more essential notions concerning infinite 
series in the initial chapters of the differential calculus. This 
course, while it has no doubt been dictated by necessity, seems 
from some points of view unfortunate. 

It has thus come about that since Cauchy’s Analyse algé- 
brique few books of similar purpose have appeared in French 
and of these the only one that need here be mentioned, Tan- 
nery’s Théorie des fonctions d’une variable, while admirable in 
every way and destined not soon to be supplanted, is perhaps 
too extensive for the beginner. 

M. Godefroy has given us a book on the elementary theory 
of series that has much to recommend it. The exposition has 
the traditional French clearness and evinces a pedagogic in- 
sight that one would only expect in a: writer accustomed to 
actual instruction. 


* This name, apparently coined by Cauchy, is still used in Italy. 
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The book begins with a short (too short) account of irrational 
numbers defined by a “section” and establishes certain funda-- 
mental theorems due to Cauchy concerning the equality of the 
limits 

After a section on continuous functions of a single variable, 
series with positive terms are taken up and the powerful and 
elegant test of Kummer is established. 

‘This remarkable criterion, which contains as special cases the 
geometric test, Raabe’s test and the test of DeMorgan-Bertrand, 
admits of a very simple proof;* it necessitates, however, the 
construction of divergent scales of positive numbers. Our 
author, however, gives an independent deduction of the geo- 
metric test and after establishing the familiar theorems con- 
cerning conditionally convergent series and sundry theorems of 
Cauchy and Mertens concerning double series proceeds to the 
consideration of series whose terms involve a variable param- 
eter. 

The regional property of uniform convergence is defined and 
illustrated, unfortunately without any graphs, 2d Weierstrass’s 
m-test is established. The rest of the book is devoted to power 
series and the more important functions defined by them. 

The statement of Abel’s theorem concerning the interval of 
convergence of a power series is open to the objection that our 
author fails to distinguish — although the distinction is made 
sharply enough in an earlier part of the book — between a 
suite of numbers that are always finite and one that has an 
upper and lower boundary. 

The demonstration of the term by term differentiability of a 
power series, apparently due to Biehler+ is very simple and 
has the merit that it goes back to first principles ; this result 
might however have been more readily deduced from the con- 
tinuity of such series. 

Noteworthy features of the book are the proof of the existence 
theorem for homogeneous linear differential equations with 
analytic coefficients and the proof of the transcendence of the 
natural base e. The collection of excellent examples that fol- 


* Cf. Cesiro: Nouvelles Annales, vol. 7, 3d series, p. 406, the proof in the 
text is however sufficiently simple. 
t Nouv. Annal., vol. 7, 3d series, p. 200. 
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lows each chapter will be found useful and the bibliography 
appended seems adequate. 

The last chapter of the book is devoted to the gamma func- 
tion and the auxiliary functions of Prym. It is condensed from 
La function gamma: Theorie, Histoire, Bibliographie of our 
author, and although the available analytic processes are neces- 
sarily restricted, the proofs are elegant and compact. 

M. B. Porter. 


Hohere Analysis fiir Ingenieure. Von Dr. JoHN PErry. 
Autorisierte deutsche Bearbeitung von Dr. RoBErT FRICKE 
und Fritz Stcutine. Leipzig, B. G. Teubner, 1903. 
8vo., vili + 423 pp. 

Ir is interesting to note in what numbers the last few years 
have produced treatises on the differential and integral calculus 
which have for their aim the fulfilment of the rieeds of some 
special class of students. or instance, there are for students 
of physics the elaborate treatise of Boussinesq and the smaller 
book by H. A. Lorentz, for chemists the work of Nernst and 
Schoenfliess recently translated into English by Young and 
Linebarger, for students of political economy a small primer by 
Irving Fisher, and for engineers the work of Perry. The 
question naturally arises whether so much subdivision in the 
study of calculus is necessary. It will prove a matter of seri- 
ous inconvenience if each specialist must have a special course 
and a special book to suit his needs. There can be little doubt 
that the present tendency to this subdivision is due partly to 
the fact that mathematicians are apt to wish too selfishly to 
make their elementary courses strictly mathematical instead of 
practical, and in this respect we hope they will mend. A great 
part of the difficulty, however, is due to the inertness of the 
students of special branches, who wish to learn so much and 
only so much of calculus as appears to them necessary for their 
immediate needs. The short-sightedness of this attitude ren- 
ders it dangerous. To-day many a chemist or economist, 
whose elementary education was finished a decade ago, com- 
plains of experiencing inconveniences because he did not study 
calculus. Perhaps before twenty-five years are past those who 
now are trying to learn as little of it as possible will be wishing 
that they had not tried to economize so much. In the earlier 
years of instruction time is not so precious as later, symbolic 
processes fix themselves more readily upon the mind which 
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later will be occupied more with thought. Thus a student 
who leaves his undergraduate course without a thorough knowl- 
edge of the purely formal manipulation of mathematics seldom 
can make good his loss. 

It seems to us that one who studies Professor Perry’s book 
will run just this risk of acquiring an insufficient formal knowl- 
edge of calculus. The author states that “‘the young engineer 
cannot be practiced too thoroughly in the mere simplification 
of algebraic and trigonometric relations, including those which 
contain complex quantities.” The statement applies as well to 
the calculus and casts considerable doubt upon the efficacy of 
the author’s arrangement of his book, in which he leaves such 
simple rules of operation as the differentiation of a sum, product, 
or quotient of two functions or of a function of a function, until 
the last chapter (p. 305) to be classed under the title, “‘ More 
difficult exercises and theorems.” To whom the work will be 
valuable is hard to say. So full is it of applications to me- 
chanics, electricity and magnetism, thermodynamics, and elas- 
ticity as to be practically unintelligible to one who has not had 
considerable training as an engineer ; and so little stress does it 
lay on the formal side of calculus that even the engineer, far 
from obtaining a working knowledge of the subject, would do 
well if he learned so much as “ not to be afraid of calculus when 
he saw it.” 

We pass over the surprisingly few offenses against accuracy in 
demonstrations and definitions and turn. our attention to a few 
features which might advantageously be copied in other elemen- 
tary text-books on calculus. The first is the omission of in- 
determinate forms 0/), 0- etc., of which the rigorous 
treatment is a matter of considerable difficulty. It is doubtful 
if students even understand what they are doing when they 
differentiate numerator and denominator until they find a de- 
terminate result. The whole subject may well be postponed 
until after treating the algebraic operations upon series. Sec- 
ondly the introduction of the simpler differential equations 
and the methods of integrating them affords a pleasant and 
valuable change from the lengthy treatment of the formal in- 
tegration of a rational function or a function rational in the 
domain (xz, Vaz* + bx +c) with which most text-books insist 
on tormenting the students notwithstanding that a table of inte- 
grals like Professor B. O. Peirce’s serves every purpose. 
Meanwhile, despite the fact that almost every application of cal- 
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culus involves a differential equation, the students remain unable 
to treat even the equation of harmonic motion and completely 
ignorant of the necessity and significance of “ determining the 
arbitrary constants.” Thirdly the author introduces Fourier’s 
series long before he reaches the chapter on “ more difficult 
exercises and theorems” in which he first states the rule for 
differentiating a product. Curious as this arrangement may 
seem, we wish to use it to call attention to the value and the 
possibility of early introducing the expansion of a function 
into a Fourier’s series. Mathematicians as a rule are so pre- 
occupied with contemplating the difficulties encountered in prov- 
ing the expansibility of an arbitrary function into a Fourier’s 
series that their students study calculus three hours a week 
for two full years, one hundred and eighty lessons, without 
hearing of any such series. Yet so valuable are these series 
in physics and astronomy that they might well be introduced, 
even crudely, as Professor Perry introduces them, early in the 
study of calculus. The actual determination of the coefficients 
in a case of the simpler, functions is not difficult and furnishes 
a practical problem in integration. 

Such are some of the advantages and disadvantages of Pro- 
fessor Perry’s Calculus for Engineers. We can heartily recom- 
mend to any teacher the perusal of this book. In many places 
he will find his eyes opening to ways in which the treatment 
of difficulties, unsuspected and unappreciated by the student, 
may be replaced by questions of practical use and interest 
without endangering the career of any possible future pure 
mathematician. It will be only by a rational compromise on 
both sides that the inconvenience of the present tendency to 
different courses and different books for each class of specialists 
ean be avoided without harm to any. 

E. B. Wiison. 


Legons sur les Fonctions Méromorphes. Par Bore. 
Recueillies et rédigées par Lupovic Zorerti. Paris, Gau- 
thier-Villars, 1903. 8vo., vi + 122 pp. 


THE Lecons sur les Fonctions Méromorphes is a natural 
sequel to the author’s Lecons sur les Fonctions Entiéres which 
appeared about three years ago. The results are in great part 
mere generalizations, to the case of functions possessing poles, 
-of the results earlier obtained for functions possessing no singu- 
larities in the finite region of the complex plane. Considerable 
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attention is paid to numerical equalities and inequalities. 
The work draws its inspiration from Weierstrass, Du Bois- 
Reymond, and especially from Cauchy. It is distinctly of the 
modern French School, however, for with the exceptions of 
Mittag-Leffler and Lindeléf, who draw from the same source, 
the names that one meets are Picard, Poincaré, Hadamard, Borel 
and other less-known French mathematicians. 

The chief topics treated are Mittag-Leffler’s theorem that a 
meromorphic function is the sum of an integral (transcendental) 
function and a series of rational fractions; Weierstrass’s theorem 
that a meromorphic function is the quotient of two integral 
functions ; Hadamard’s investigation on Taylor’s series with 
applications to meromorphic functions and to the zeros of inte- 
gral functions ; the generalization of Picard’s theorem to the 
statement that any meromorphic function must take on every 
value, except -possibly two, an infinite number of times; and 
series of rational fractions, with ordinary and extraordinary 
distributions of poles, as applied to the study gf meromorphic 
functions. Four notes, two of which Mr. Zoretti contributed, 
bring the subject so far up to date as to include some memoirs 
not published when the book went to press. 

This little book, like the others, is of great value in putting 
us abreast of the present state of a particular branch of mathe- 
matics. So carefully has the matter been chosen and so clearly 
has Mr. Zoretti written that only a very limited knowledge of 
the theory of functions is presupposed. This pedagogical 
method is peculiarly French. It quickly places the student in 
absolute command of an advanced field so that he may com- 
mence his investigations at once without that vast auxiliary 
knowledge which some consider necessary. By such a work 
as these Lecons the whole mathematical world is given the 


same advantage. 
E. B. WI1son. 


NOTES. 


THE April number (volume 25, number 2) of the American 
Journal of Mathematics contains the following papers: “The 
double-six configuration connected with the cubic surface, and a 
related group of Cremona transformations,” by Epwarp Kas- 
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NER; “Untersuchungen iiber lineare Differentialgleichungen 
4. Ordnung and die zugehérigen Gruppen,” by SAuL Epsteen ; 
“‘ The logic of relations, logical substitution groups, and cardi- 
nal numbers,” by A. N. WHITEHEAD ; “ On differential equa- 
tions belonging to a ternary linearoid group,” by F. E. Ross; 
“On a certain group of isomorphisms,” by J. W. Youna. 


THE April number (second series, volume 4, number 3) of 
tue Annals of Mathematics contains: ‘The cardioid and tri- 
cuspid: quartics with three cusps,” by R. C. ARCHIBALD; 
“‘ Note on a partial differential equation of the first order,” by 
E. D. Rog, Jr. ; “On a generalization of the set of associated 
minimum surfaces,” by A. S. GALE; “ Twisted quartic curves 
of the first species and certain covariant quartics,” by H. 8S. 
WuirteE ; “On the characteristics of differential equations, Part 
I,” by E. R. HEepRIcx. 


AT a meeting held in Boston, April 18, an association ot 
teachers of mathematics in New England was organized for the 
improvement of methods of mathematical instruction in schools 
and colleges. Professor T.S. Fiske made an opening address 
on methods of improving the teaching of mathematics and Mr. 
W. T. CaMPBELL, of the Boston Latin School, read a paper on 
“Observational geometry.”’ The following officers were elected : 
President, Mr. E. H. Nicos; vice-president, Professor W. 
F. Oscoop ; secretary and treasurer, Mr. F. P. Dopee, Rox- 
bury Latin School, Boston, Mass. The association has at pres- 
ent about one hundred and sixty members. Copies of the 
constitution and of the circular letter issued as a call for the 
recent meeting can be obtained from the secretary. 


At the meeting of the London mathematical society on 
March 12, the following papers were read: “On the conver- 
gence of certain multiple series,” by G. H. Harpy; “On 
certain sequences for determining the nth root of a rational 
number,” by Mr. S. M. Jacos; “Note on the approximate 
calculation of the frequencies of a vibrating circular plate,” by 
Professor H. Lams; “On surfaces which have assigned fami- 
lies of curves as their lines of curvature,” by Professor A. R. 
ForsytuH ; “Note on a point in Hilbert’s ‘Grundlagen der 
Geometrie,’” by Mr. E. ‘T. Dixon; “ Extension of two 
theorems on covariants,” by Mr. J. H. Grace; “ Note on 
double limits and on the inversion of a repeated infinite inte- 


1903. ] NOTES. 509 


gral,” by Professor T. J. ’A. Bromwicu ; “On the represen- 
tation of a group of finite order as an irreducible group of 
linear substitutions, and the direct establishment of the rela- 
tions between the group characteristics,’ by Professor W. 
BURNSIDE. 


THE section of the history of sciences of the international 
congress of historic sciences, which met in Rome in April, 
1903, has decided to form an international commission on the 
organization of a congress of the history of sciences. The fol- 
lowing officers have been chosen: President, J. TANNERY, 
Paris ; secretaries, P. Giacot, Turin, and G. Lorra, Genoa. 
Professor D. E. Smiru has been appointed the American repre- 
sentative. The next meeting of the congress will be held in 
Berlin, in September, 1906. 


THE German association for the promotion of the teaching 
of mathematics and natural sciences held its twelfth general 
meeting at Breslau, June 1-5. 


THE several American universities below offer during the 
academic year 1903-1904 advanced courses in mathematics as 
follows : 


University oF CaLirornia.—By Professor I. Srrine- 
HAM: Logic of mathematics, two hours; Analytic non-euclidean 
geometry of space, two hours.—By Professor G. C. Epwarps : 
Ordinary differential equations, three hours.—By Professor M. 
W. HasKELL : Theory of functions of a complex variable, three 
hours.—By Mr. A. W. Wuitney: Theory of probabilities, 
two hours.—By Dr. D. N. LEHMER ; Synthetic projective geom- 
etry, three hours.—By Dr. E. M. BLakE: Line geometry, three 
hours.—By Dr. T. M. Putnam: Theory of numbers, three 
hours ; Mathematical seminar, foundations of dynamics, two 
hours. 


THE UNIVERSITY OF CuicaGo.— The following advanced 
mathematical courses, four hours weekly, are offered during the 
four quarters (su, a, w, sp) of the year beginning June 17, 
1903 :— By Professor E. H. Moore: Theory of functions of 
real variables (su); Seminar (a, w, sp).—By Professor O. 
Bouza : Theory of equations (a, w) ; Quaternions (sp) ; Elliptic 
functions, the Weierstrass theory («); Applications of elliptic 
functions (sw); Abelian functions (w, sp); Invariants (su).— 
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By Professor H. MascuKe: Solid analytics (sp); Twisted 
curves and surfaces (w, sp); Invariants (w).—By Professor H. 
E. Staueut: Advanced integral calculus (aw).—By Professor 
J. W. H. Youne: Solid analytics and determinants (su) ; con- 
ferences on the pedagogy of mathematics (su).—By Professor 
L. E. Dickson: Theory of functions of a complex variable 
(su); Theory of functions (a, w).—By Mr. A. C. Lunn: The 
differential equations of mathematical physics (su, sp) ; Graphic 
methods in the teaching of elementary mathematics (su).—By 
Dr. S. EpsTEEN: History of elementary mathematics (su, 2 
hours).—By Professor K. Laves: Analytic nfechanics (a, w). 
—By Professor F. R. Moutton : Introduction to celestial me- 
chanics (w, sp) ; Selected chapters of celestial mechanics (sw). 


CorNELL Universiry.—By Professor L. A. Warr: <Ad- 
vanced analytic geometry (plane and solid), three hours; Ad- 
vanced differential calculus, three hours.—By Professor G. W. 
Jones: Higher algebra and trigonometry, three hours.—By 
Professor J. McManon: Higher plane curves, two hours ; 
Potential function, two hours ; Quaternions, two hours; The- 
oretical mechanics, two hours; Mathematical theory of sound. 
—By Professor J. H. Tanner: Theory of equations, two 
hours; Invariants, two hours.—By Dr. J. I. Hutcutnson: 
Theory of functions, two hours ; Elliptic and abelian functions, 
two hours; Projective geometry, three hours.—By Dr. V. 
SsypeER: Advanced integral calculus, two hours; Line geom- 
etry, three hours.—By Dr. W. B. Fire: Differential equations, 
two hours ; Theory of groups, three hours. 


Harvarp UnIversiry.— By Professor J. M. PEIRCE: 
Quaternions ; Theory and application of tetrahedral codrdi- 
nates ; ¢ The algebra of logic; + Finite differences ; + The cal- 
culus of probabilities ; + Linear associative algebra. — By Pro- 
fessors W. E. Byerty and B. O. Peirce: Trigonometric 
series, spherical harmonics, and the potential function. By 
Professor W. E. ByeRLy: Calculus (second course); Introduc- 
tion to modern geometry and modern algebra; + Dynamics of 
a rigid body. — By Professor W. F. Oscoop: The theory of 
functions (first course). — By Professor M. BécHER : + Infinite 
series and products ; Algebra; + Linear differential equations. 
—By Dr. C. L. Bouton: + The theory of numbers; + The 
elementary theory of differential equations ; ¢ Geometric trans- 
formations. —By Mr. J. K. Wuirremore: Celestial me- 
chanics ; Hydromechanics. 


| 
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These courses will involve three lectures a week throughout 
the year, except those preceded by +, which involve about half 
this number of lectures. Professor Bocher, Dr. Bouton, and 
Mr. Whittemore also offer courses in reading and research in 
Differential equations, Continuous groups, and Differential 
geometry respectively. 


SranForD UNIVERSITY.—Professor R. E. ALLARDICE: In- 
variants, two hours, first semester ; Definite integrals, two hours, 
second semester; Geometry of three dimensions, two hours; 
Theory of functions, three hours.—By Professor R. L. GREEN : 
Advanced coérdinate geometry, two hours; Theory of equa- 
tions, three hours.—By Professor L. M. Hoskins: Theory of 
attraction and the potential function, two hours.—By Professor 
G. A. Mituier: Elementary theory of groups, three hours ; 
Theory of numbers, two hours, second semester; History of 
mathematics, two hours, first semester ; Seminar in the theory 
of groups, two hours.—By Professor H. F. BLicHFE.pr: 
Determinants, two hours, first semester ; Non-euclidean geom- 
etry, two hours, second semester ; Differential equations, three 
hours. 


NORTHWESTERN UNIVERSITY :—First semester.—By Profes- 
sor T. F. Hoteate: Linear systems of conics, two hours.—By 
Professor H.S. Wurre: Theory of functions, two hours ; Plane 
cubics and quartics, three hours. Second semester.—By Profes- 
sor T. F. Horeate: Theory of numbers, two hours.—By Pro- 
fessor H. S. Wurre: Elliptic functions, three hours ; Projec- 
tive geometry of surface and twisted curves, two hours. 


YALE University. — By Professor JAMES Prerpont: Ad- 
vanced calculus, three hours ; Projective geometry, three hours ; 
Theory of functions of real variables, three hours. — By Pro- 
fessor P. F. SmrtH: Continuous groups, three hours; Higher 
analysis for engineers, two hours, first semester. — By Professor 
H. A. BumsTeapD: Problems in mathematical physics, two 
hours. — By Dr. A.S. GaLe: Differential equations and func- 
tion theory, three hours. — By Dr. H. E. Hawkes: Higher 
algebra, two hours; Elliptic functions, three hours. — By Dr. 
W. A. GRANVILLE: Differential geometry, two hours. — By 
Dr. E. R. HeEprick : Calculus of variations, three hours. — By 
Dr. E. B. Wiison’: Analytic mechanics, two hours; Intro- 
duction to mathematical physics, two hours; Non-euclidean 
geometry, two hours. 


| 

| 
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THE several foreign universities and technical schools below 
offer during the present summer semester courses in mathe- 
matics as follows : 


UnIversITY OF BERLIN.— By Professor J. KNoBLAUCH : 
Analytic geometry, four hours ; Theory of partial differential 
equations, four hours ; Theory of ray systems, one hour. — By 
Professor R. LEHMANN-FitHés: Differential equations, four 
hours ; Exercises, one hour. — By Professor H. A. ScHwarz: 
Integral calculus, four hours; Exercises; Applications of 
elliptic functions, two hours; Calculus of variations, four 
hours ; Colloquium ; Seminar. — By Professor F. Scour: In- 
troduction to the theory of ordinary differential equations, two 
hours. —By Dr. E. Lanpav: Theory of numbers, four hours ; 
Introduction to the theory of functions, four hours ; Theory ot 
Riemann zeta-functions, one hout.— By Professor G. FRoBE- 
nius: Theory of algebraic equations, four hours ; Seminar. — 
By Professor F. H. Scuotrxy: Theory of abelian functions, 
four hours; Seminar.— By Professor G. Hetrner: Theory 
of potential, two hours. 


University oF CzERNowITz. — By Professor O. TuMLIRz: 
Mathematico-physical seminar, two hours; proseminar, two 
hours. 


University oF Graz.— By Professor J. FRIscHAUF: 
Differential and integral calculus, and its application to geom- 
etry, five hours. — By Professor V. D. R. von KoLLESBERG : 
Analytic and projective geometry of the plane, five hours; 
Mathematical seminar, two hours. —By Dr. J. STREISSLER: 
Descriptive geometry, three hours. 


Universiry OF InNsBrucK.— By Professor O. Srouz: 
Theory of functions of a complex variable according to Cauchy 
and Weierstrass, with exercises in the mathematical seminar, 
three hours; Arithmetic, the theory of real numbers, with 
exercises in the mathematical seminar, four hours. — By Pro- 
fessor W. WirTINGER: Higher algebra, three hours ; Abelian 
functions, two hours ; Seminar, two hours.— By Professor K. 
ZINDLER : Plane and solid analytic geometry, two hours ; Line 
geometry, three hours ; Seminar, one hour. 


University oF K6nicsBerG.—By Professor F. MEYER: 
Analytic geometry, four hours ; Exercises in analytic geometry, 
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one hour; Introduction to higher geometry, four hours ; Exer- 
cises. in higher geometry, one hour.— By Professor A. ScHOEN- 
FLIES: Theory of differential equations four hours ; Exercises 
in the mathematical seminar, two hours.—By Professor L. 
SaatscHtitz: Determinants, two hours; Gaussian and other 
interesting series, four hours.— By Dr. F. Conn: Applications 
of the potential theory, three hours.—By Dr. T. VAHLEN: 
Differential calculus, four hours; Exercises in differential cal- 
culus, one hour. 


University oF Minster.—By Professor W. KILuine: 
Differential and integral calculus, I, three hours; Synthetic 
geometry, four hours ; Selected topics from elementary mathe- 
matics, two hours; Exercises in the proseminar, two hours ; 
Exercises in differential and integral calculus, one hour ; Supple- 
ment to analytic geometry, one hour.— By Professor R. von 
LILIENTHAL: Analytic geometry, I, four hours; Theory of 
determinants, with applications, four hours; Exercises in the 
mathematical seminar, one hour.— By Dr. M. DEHN: Theory 
of numbers, four hours; Higher mathematics for naturalists, 
three hours ; Exercises in the theory and application of elliptic 
functions, one hour.— By Dr. J. Karst: Introduction to de- 
scriptive geometry. 


University OF Prac. — By Professor G. Pick: Differen- 
tial equations, three hours ; Differential and integral calculus, 
two hours ; Seminar, two hours.—By Professor J. A. GMEINER : 
Analytic geometry, three hours; Number congruences, two 
hours.—By Dr. W. WEIss: Elements of descriptive geometry, 
two hours. 


UNIVERSITY OF VIENNA.—By Professor G. von EscHE- 
RIcH: Elements of the differential and integral calculus, five 
hours ; Exercises, two hours ; Proseminar, one hour; Seminar, 
two hours.—By Professor F. Mertens: Theory of numbers 
(continuation), five hours ; Exercises in the mathematical semi- 
nar, two hour ; in the proseminar, one hour; Theory of proba- 
bilities, three hours ; Mathematical statistics, three hours.— 
Professor G. Koun : Synthetic geometry (continuation), four 
hours, with exercises, one hour; Theory of invariants, with 
geometric applications (continuation), two hours.—By Dr. E. 
BuLascHKE: Introduction to mathematical statistics, II, three 
hours.—By Dr. DaUBLEBSKY VON STERNECK: Algebra, three 
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hours.—By Dr. K. Carpa: Selected topics from the theory 
of contact transformations, two hours.—By Dr. J. PLEMELJ: 
Theory of potential, with applications (continuation), two 
hours. 


Untversity or Wiirzpurc.—By Professor F. Prym: In- 
tegral calculus, six hours; Exercises on integral calculus, in 
the proseminar, two hours; Selected chapters in the theory of 
functions, in the seminar, two hours. — By Dr. G. Rost: De- 
seriptive geometry, II, four hours; Analytic and synthetic 
geometry of conics, four hours ; Application of the infinitesimal 
analysis to geometry, four hours; Selected chapters from ele- 
mentary mathematics in the proseminar, two hours. 


University oF BaseL.—By Professor H. KINKELIN: 
Algebraic analysis, three hours; Geometric applications of 
differential calculus, three hours ; Definite integrals, two hours ; 
Theory of probabilities, three hours.—By Dr. R. Fuatr: 
Line geometry, two hours. 


Untversitry oF Bern.— By Professor J. H. GraF: Bes- 
sel’s functions, three hours ; Elliptic functions, three hours ; 
Function theory, two hours ; Differential equations, two hours ; 
Differential and integral calculus, two hours ; Mathematics of 
finance and insurance, two hours; Seminar, with Professor 
Huber, two hours ; Seminar (insurance) with Professor Moser, 
one hour.—By Professor G. SmpLER: On elliptic ares, whose 
difference is rectifiable, two hours.—By Professor G. Huser : 
Introduction to the theory of algebraic surfaces, two hours.— 
By Professor E. Orr: Differential calculus, two hours ; Analy- 
tic geometry, I, two hours.—By Dr. A. BENTELI: Elements 
of descriptive geometry, four hours.—By Dr. L. CRELIER: 
Synthetic geometry of space, two hours. 


University oF GENEVA.— By Professor C. CAILLER: 
Differential and integral calculus (continuation), three hours: 
Seminar, two hours. —By Professor H. FeHr: Descriptive 
and projective geometry, two hours; Algebra; General theory 
of equations, two hours; Exercises in the calculus (with Pro- 
fessor Cailler), two hours, and in algebra and geometry, two 
hours. —By Dr. D. Mrrmanorr: Dirichlet’s problem, two 
hours. 
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UnIversiry oF LAUSANNE. By Professor H. AMSTEIN: 
Differential and integral calculus, five hours; Exercises, two 
hours; Theory of elliptic functions, three hours; Calculus for 
naturalists, three hours; Selected topics from the integral cal- 
culus (definite integrals and series), two hours. — By Professor 
H. Jory: Analytic geometry (continuation), two hours; De- 
scriptive geometry (continuation), two hours; Outline of de- 
scriptive geometry, four hours; Theory of numbers, two hours. 


University or Zuricu.— By Professor H. BuRKHARDT: 
Linear differential equations, four hours; Vector analysis, two 
hours ; Seminar, two hours; Mathematical treatment of periodic 
recurrences in nature, two hours.— By Professor A. WEILER: 
Analytic geometry, II, two hours; Descriptive geometry, three 
hours; Mathematical geography, two hours.—Map projections, 
two hours. —By Dr. F. Krarr: General theory of assem- 
blages, four hours. — By Dr. E. Guster: Theory of numbers, 
two hours; Political arithmetic, with exercises, two hours. 


CARLSRUHE TECHNICAL HicH ScHoo.. — By Professor R. 
Haussner: Elementary and analytic geometry of the plane 
and space, three hours, with exercises, one hour; Synthetic 
geometry, two hours, with exercises, one hour. — By Professor 
A. Krazer: Higher mathematics, I, six hours, with exer- 
cises, two hours.— By Professor F. Scour: Descriptive 
geometry, four hours, with exercises, four hours. — By Pro- 
fessor L. WEDEKIND: Higher mathematics, II, two hours. — 
By Dr. G. Hame: Elements of higher mathematics, four 
hours, with exercises, one hour. — By Dr. W. Lupwic: The- 
ory of projection, two hours, with exercises, two hours. 


Monicu TecunicaL Hicu ScHoo..— By Professor A. von 
Braunmuiue : Algebraic analysis, with exercises (continuation) ; 
projective geometry synthetically treated, with exercises (con- 
tinuation) ; mathematico-historical seminar. — By Professor 8. 
FINSTERWALDER: Higher mathematics, II, with exercises ; 
non-euclidean geometry. — By Professor W. von Dycx : Partial 
differential equations of mathematical physics; colloquium, 
with Professor Finsterwalder. — By Professor L. BURMESTER : 
Descriptive geometry, with exercises (continuation). — By Pro- 
fessor 8. GiNTHER: Theory of potential with its application 
to geophysics. 
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SrutTteart TECHNICAL HieH — By Professor W. 
BRETSCHNF ZR: Elementary mathematics.— By Professor 
K. MEuMKE: Descriptive geometry ; seminar — By Professor 
K. Revuscuuie: Differential and integral calculus; Plane 
analytic geometry ; Seminar. — By Dr. E. W6LFFixe : Theory 
of curves ; Partial differential equations. 


THE current numbers of the Revue générale des sciences, be- 
ginning with volume 14, number 2, contain a very interesting 
series of articles in which, under the caption “ The evolution of 
mechanics,” P. DuHEM discusses the relations of theoretical me- 
chanics to physical theories. The titles of the successive papers 
will give some idea of the wide field covered: I. Les diverses 
sortes d’explications mécaniques; II. La mécanique analytique ; 
III. Les théories mécanique de la chaleur et de lelectricité ; 
IV. Le retour 4 l’atomisme et au cartésianisme ; V. Les fon- 
dements de la thermodynamique; VI. La statique générale 
et la dynamique générale; VII. Les branches aberrantes de 
la thermodynamique. 


Proressor P. GorpaNn, of Erlangen, has been made an 
honorary member of the University of Juriev (Dorpat). Dr. 
I. Ivanor and Dr. W. Stanrevicn have been made professors 
of mathematics at the St. Petersburg Polytechnic School. Dr. 
L. Natanson has been promoted to a full professorship of 
mathematics at the University of Cracow. 


PREBENDARY W. A. WuHITworTH, formerly fellow of St. 
John’s College, Cambridge, has been appointed Hulsean lecturer 
for 1903. 

Mr. HerBert KNAPMAN, first Smith’s prizeman this year, 
has been appointed assistant lecturer in mathematics at Uni- 
versity College, Reading, England. 


Mr: W. H. WaestarF delivered the Gresham -lectures on 
geometry this year, April 28—May 1. 

Proressor G. Darpovx has recently been elected member 
of the bureau of longitudes. 


Proressor W. F. Oscoop, of Harvard University, has 
been promoted to a full professorship of mathematics. 


Dr. ARNOLD Ewca, of the University of Colorado, has been 
promoted to a full professorship of graphics and mathematics. 


1903.] NEW PUBLICATIONS. 517 


Dr. C. A. Nose has been promoted to an assistant profes- 
sorship of mathematics at the University of California. 


At Lehigh University Professor ALEXANDER MACFARLANE 
delivered, April 20-30, a course of six lectures on the British 
mathematicians Kirkman, Babbage, Whewell, Dodgson, Stokes, 
and Rayleigh. 


Mr. F. G. WREN has been advanced from an assistant pro- 
fessorship to a professorship of mathematics at Tufts College. 


Proressor J. W. Mason, of the College of the City of New 
York, will retire from service at the end of the present year. 


Dr. N. M. Ferrers, for a long time one of the editors of 
the Quarterly Journal of Mathematics, died on January 31, 
1903. 


ProFressor JosiaH WILLARD Gisss, of Yale University, 
died at New Haven, April 28, 1903, of heart disease. He was 
born in New Haven, February 11, 1839, and graduated at Yale 
in 1858. After receiving the doctor’s degree in 1863 from the 
same institution, he studied in Paris, Berlin, and Heidelberg. 
In 1871 he was appointed to the professorship of mathematical 
physics at Yale which he held to the time of his death. Pro- 
fessor Gibbs was a member of the Royal Society of London, of 
the National Academy of Sciences, and of many other learned 
bodies. Quite recently he joined the AMERICAN MATHEMAT- 
1cAL Society. He was an authority of the first rank in thermo- 
dynamics and in the application of vector analysis to physical 
problems. 


NEW PUBLICATIONS. 
I. HIGHER MATHEMATICS. 


Amopeo (F.). Appunti e riposte. Lettera aperta ad un geometra 
italiano. Napoli, 1902. 8vo. 10 pp. 

—. Dai fratelli di Martino a2 Vito Caravelli. Napoli, 1902. 8vo. 
64 pp. 

BIBLIOGRAPHIE der deutschen naturwissenschaftlichen Litteratur. 
Herausgegeben im Auftrage des Reichsamtes des Innern vom 
deutschen Bureau der internationalen Bibliographie in Berlin. 
Vol. 3: 1903-4. Abteilung 1: Mathematik, Mechanik, Physik, 
Chemie, Astronomie, Meteorologie. No. 1. Jena, Fischer, 1903. 
8vo. 48 pp. M. 9.00 
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BrapsHaw (J. W.). The logarithm as a direct function. 4to. (An- 
nals of Mathematics (2) 4, pp. 51-62.) 


BRAUNMUHL (A. von). Vorlesungen iiber Geschichte der Trigono- 
metrie. Teil 2: Von der Erfindung der Logarithmen bis auf die 
Gegenwart. Leipzig, Teubner, 1903. 11+ 264 pp. M. 10.00 


Bucuerer (A. H.). Elemente der Vektoranalysis; mit Beispielen aus 
der theoretischen Physik. Leipzig, Teubner, 1903. 8vo. 6+ 91 
pp- M. 2.40 


CouturaT (L.). See 
DinceLpey (F.). See ENCYKLOPADIE. 


ENCYKLOPADIE der mathematischen Wissenschaften mit Einschluss 
ihrer Anwendungen. Vol. III: Geometrie, herausgegeben von W. 
F. Meyer. Teil 2, Heft 1: F. Dingeldey, Kegelschnitte und Kegel- 
schnifésysteme. Leipzig, Teubner, 1903. 8vo. Pp. 1-160. 


EsTaNave (E.). Essai sur la sommation de quelques séries trigo- 
nométriques. Paris, Hermann, 1903. S8vo. 112 pp. Fr. 6.00 


Gutpsere (A.). See Liz (S.). 


INTERNATIONAL CATALOGUE of scientific literature. First annual issue 
{for 1901]. A. Mathematics. Published for the International 
Council by the Royal Society of London. London, Harrison. Vol. 
VII: 1902 (November). 8vo. 16-+ 201 pp. 


JAHRAUS (K.). Das Verhalten der Potenzreihen auf dem Konvergenz- 
kreise, historisch-kritisch dargestellt..(Progr.) Ludwigshafen, 1902. 
8vo. 56 pp. 


JouFFRET (E.). Traité élémentaire de géométrie 4 quatre dimensions 
et introduction 4 la géométrie & n dimensions. Paris, Gauthier- 
Villars, 1903. 8vo. 30-+ 216 pp. Fr. 7.50 


Kasner (E.). The cogredient and digredient theories of multiple 
binary forms. 4to. (Transactions of the American Mathematical 
Society 4, pp. 86-102.) 


——. The generalized Beltrami problem concerning geodesic representa- 
tion. 4to. (Transactions of the American Mathematical Society 
4, pp. 149-152.) 


Lzren1z. Opuscules et fragments inédits. Extraits des manuscrits 
de la bibliothéque royale de Hanovre par L. Couturat. Paris, 
Alcan, 1903. 8vo. 689 pp. (Collection historique des grands phi- 
losophes. ) 


Lie (S.). Ueber Integralinvarianten und Differentialgleichungen. 
(Ausgegeben von A. Guldberg und K. Stérmer im Auftrage der k. 
Gesellschaft der Wissenschaften zu Kristiania und auf Kosten des 
Fridjof Nansen Fond.) Kristiania, 1902. 8vo. 73 pp. K. 2.00 


Linpow (M.). Die Nullstellen des allgemeinen Integrals der Diffe- 
rentialgleichung fiir die zugeordneten Kugelfunktionen.  (Diss.) 
Halle, 1902. 8vo. 65 pp. 


LinnepBorn (J.). Die Fokaleigenschaften der Gebilde zweiter Ordnung 
in der Riemannschen Raumform. (Diss.) Miinster, 1902. 8vo. 
26 pp. 

LippitscH (K.). Die Unvertriglichkeits-Relation des Satzes vom 
goldenen Schnitte mit dem Gesetze der rationalen Indices, nachge- 
wiesen am Rautendreissigflichner und regelmiissigen Pentagondode- 
kaeder. (Progr.) Leoben, 1902. 8vo. 12 pp., 1 plate. 
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Meyer (W. F.). See ENcYKLOPADIE. 


Mitier (J. 0.). Ueber die Minimaleigenschaft der Kugel. (Diss.) 
Gottingen, 1903. 8vo. 51 pp. 


PampucH (A.). Das Malfatti-Steiner’sche Problem. (Progr.) Strass- 
burg i. E., 1902. 4to. 73 pp., 10 plates. 


PascaL (B.). Ocuvres completes. Vol. 3: Traités divers de physique 
et de mathématiques. Table analytique. Paris, Hachette, 1903. 
16mo. 502 pp. (Les principaux écrivains francais.). Fr. 1.25 


Potncaré (H.). La science et Vhypothése. Paris, Flammarion, 1903. 
12mo. 284 pp. Fr. 3.50 


RocquiIGNy-ADANSON (G. DE). Théor®mes sur les progressions arith- 
métiques; notes d’arithmologie; propositions de la théorie des 
nombres. Moulins, Auclaire, 1903. 8vo. 20 pp. 


RotHe. JLésung einiger Aufgaben iiber Flichenberechnungen mit 
Hilfe elliptischer Integrale. (Progr.) Nordhausen, 1902. 4to. 
22 pp., 4 plates. 

SEyYBoLD (C.). Die Drusenschrift: Kitab Alnoqat Waldawaiir, “Das 


Buch der Punkte und Kreise.” Nach dem Miinchener und Tiibinger 
Codex. (Festschrift.) Tibingen, 1902. 4to. 111 pp. 


SEYLER (G.). Ueber die Erhaltung der Kriimmungslinien bei Ortho- 
gonaiprojektion. (Progr.) Passau, 1902. 8vo. 24 pp. 


Spencer (F.). Ueber Konchoiden. (Progr.) Schwerin, 1902. 4to. 
11 pp. 
(«.). See Lie (S.). 


TROPFKE (J.). Geschichte der Elementar-Mathematik in systematischer 
Darstellung. Vol. I: Rechnen und Atgebra. Leipzig, 1902. 8vo. 
8 + 332. pp. M. 8.00 


ZAHLER (R.). Das Abelsche Theorem fiir Grundkurven, die in Gerade 
und Kegelschnitte zerfallen. (Diss.) Miinchen, 1902. 


II. ELEMENTARY MATHEMATICS. 


Avery (J. A.). Plane geometry by the suggestive method. Boston, 
Sanborn, [1903]. 12mo. 6-+ 122 pp. Boards. $0.40 


BacxHaus (K.). See WikEsE (B.). 


Baker (W. M.) and Bourne (A. A.). Elementary geometry, oe 
London, Bell, 1903. 12mo. 506 pp. Cloth. s. 6d. 


Bénfézecn (L.). Cours d’algébre. Livre I: Nombres 
(définition; opérations; applications). Rédigé conformément aux 
programmes officiels du 31 mai 1902, a V’usage des classes de 
troisiéme A et de quatriéme B, des écoles primaires supérieures et 
professionnelles, et des candidats aux écoles nationales darts et 
métiers et aux écoles des mécaniciens des équipages de la flotte. 
Paris, Alean, 3903. 18mo. 53 pp. Fr. 1.20 


Bret (B.). Mathematische Aufgaben fiir die héheren Lehranstalten, 
unter mdglichster Beriicksichtigung der Anwendungen, wie iiber- 
haupt der Verkniipfung der Mathematik mit anderen Gebieten 
zusammengestellt. Ausgabe fiir Realanstalten. Teil I: Die Un- 
terstufe. Leipzig, Freytag, 1903. 8vo. 6+ 206 pp. Cloth. 

M. 2. 
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Bourtet (C.). Cours abrégé d’arithmétique, contenant 1421 énoncés 
d’exercices. 3e édition, revue. Paris, Hachette, [1903]. 16mo. 
414 pp. (Cours complet de mathématiques.) Fr. 2.50 


Bourne (A. A.). See Baker (W. M.). 


CrawLey (E.S.). Tables of logarithms, five-place; seven tables, with 
explanations. [New edition.] Philadelphia, Crawley, [1903]. 8vo. 
32+ 76 pp. Cloth. $0.75 


——. The elements of trigonometry and five-place tables, bound to- 
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